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Abstract. The purpose of the article is to address the limiting behavior of the solutions of stochastic differential
equations driven by a pointy d-dimensional gradient as the intensity of the underlying Brownian motion tends to 0.
By pointy gradient, we here mean that the drift derives from a potential that is C1,1 on any compact subset that
does not contain the origin. As a matter of fact, the corresponding deterministic version of the differential equation
may have an infinite number of solutions when initialized from 0Rd , in which case the limit theorem proved in the
paper reads as a selection theorem of the solutions to the zero noise system.
Generally speaking, our result says that, under suitable conditions, the probability that the particle leaves the
origin by going through regions of higher potential tends to 1 as the intensity of the noise tends to 0. In particular,
our result extends the earlier one due to Bafico and Baldi [2] for the zero noise limit of one dimensional stochastic
differential equations.
1. Introduction
1.1. An overview of zero noise limits
In his seminal paper [23], Peano addressed the existence of solutions to ordinary differential equations driven
by continuous but possibly non-Lipschitz coefficients. Meanwhile, he highlighted the fact that, for some initial
conditions, the equation could have several solutions. Those initial conditions are referred to as Peano points
and the fact that there exist several solutions is called Peano phenomenon. A nice introduction to the subject
is given in the thesis of Charpentier, see [6] together with the companion paper [7]. Therein, she points out
several properties of the range of values taken at a given time by all the solutions initialized from a common
Peano point, among which the so-called Mie and Osgood-Montel theorems: When the differential equation is
set in dimension 1, the range formed by all the solutions at any time is shown to be an interval and extremal
values of these intervals are shown to form extremal solutions as the underlying time index varies.
Peano’s phenomenon takes a somewhat puzzling turn when the underlying differential equation is forced
by a white noise. As proven in the mid 70’s and the early 80’s by Zvonkin [28] (for one-dimensional equations),
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Veretennikov [26] (for higher dimensional equations) and Stroock and Varadhan [12] (at least for weak
solutions, as addressed through the so-called martingale problem), noise restores uniqueness under pretty
general boundedness conditions on the velocity field of the equation. In other words, Peano’s phenomenon
disappears in the presence of noise. Since these earlier results, several extensions have been addressed,
including restoration of uniqueness for a more singular velocity field, restoration of uniqueness for an infinite
dimensional stochastic differential equation and restoration of uniqueness under other types of noise than
Brownian motion. We refer among others to Krylov and Ro¨ckner [22], Bass and Chen [3], Flandoli, Russo
and Wolf [17, 18], Flandoli, Issoglio and Russo [16], Delarue and Diel [9], Flandoli, Gubinelli and Priola [15],
Davie [8] and Catellier and Gubinelli [5]. The reader may also find a complete overview in the monograph
of Flandoli [14].
The fact that noise may restore uniqueness sheds a new light on Peano’s phenomenon. A natural question
is indeed to address the (weak) limit of the solution of the stochastic version of the ordinary differential
equation as the intensity of the noise tends to 0. Such a procedure is usually referred to as taking the zero-
noise limit in the corresponding stochastic differential equation. The intuition is that the zero-noise limit
should select some special solutions among all the solutions of the original ordinary differential equation:
As they are obtained by forcing the dynamics randomly, those special solutions should be regarded as being
the most meaningful ones from a physical point of view. The main result in this framework is due to Bafico
and Baldi [2]: It gives a quite complete picture of the zero-noise limit in the case of a one-dimensional
ordinary differential equation with an isolated Peano point. Basically, the main result therein asserts that
the zero-noise limit is a probability measure concentrated on extremal solutions; when there are two extremal
solutions that do leave the singularity, the weight of each of them depends on the rate at which it leaves the
Peano point: the higher the rate, the higher the weight.
Bafico and Baldi’s result has been extended in several ways. In [19], the authors addressed large deviations
in the zero-noise limit, proving in particular that the rate at which the density of the stochastic solution
decays (with the intensity of the noise) at points that do not seat on the extremal paths is not the same
outside and inside the “cone” formed by the two extremal solutions. In [10], another proof of [2] is given
for ordinary equations driven by power functions with an exponent between 0 and 1. Whilst [2] is mostly
based upon PDE arguments (as it makes use of explicit solutions to elliptic equations for the exit time of
the underlying diffusion process from an interval), the approach of [10] is based upon the pathwise concept
of transition point: Roughly speaking, a transition point is a time-space point (t, x) that depends on the
intensity of the noise with the following three features: (i) (t, x) converges in time-space coordinates to the
Peano point as the intensity tends to 0; (ii) as the intensity tends to 0, the noise dominates in the dynamics
up to time t and the velocity field dominates after time t; (iii) x is a typical position of the process at time
t. In this framework, the strategy used in [10] is to compute explicitly the transition points in function of
the shape of the velocity field. Another probabilistic proof, based on Itoˆ Tanaka formula and related local
times, is given in [25] for velocity fields of the same form as in [10]. Lastly, in [1], the authors investigate a
1d stochastic linear transport equation by exploiting the fact that the characteristics are precisely given by
the stochastic differential equation considered in [2].
Other extensions of [2] concern the d-dimensional case, but they are not as precise as the analysis per-
formed in [2] or they are in some way reminiscent of the 1d case. In [4], the authors prove that the zero-noise
limit is concentrated on so-called Filippov’s solutions of the ordinary differential equation, but this result
mainly concerns equations with a discontinuous velocity field; indeed, for a continuous velocity field, the
notion of Filippov’s solution coincides with the standard notion of solution and is then of little use. The
article [24] addresses the case where the drift has a discontinuity on an hyperplane. The authors are able
to characterize the zero-noise limit in several situations (drift pushing towards or out of the hyperplane or
even parallel to the hyperplane). This is a non-trivial multi-dimensional result, but it seems a quite different
problem from drifts with one-point singularity, since it often relies on the time duration the process spends
on each of the half-spaces generated by the hyperplane. In [11] and in [20], the authors address the zero-noise
limit for specific higher dimensional examples: [11] deals with a Vlasov-Poisson system of two particles and
[20] deals with an n-dimensional ordinary differential equation with a velocity field that depends on the
ordered arrangement of the solution. We also mention that the techniques in [25] may probably accomodate
the multi-dimensional case when the drift is non-Lipschitz and strongly repulsive in one point; however,
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here the strong repulsive assumption induces to consider only one direction (the radial direction), thus re-
ducing morally the multi-dimensional issue to the one-dimensional case (we exemplify the notion of strong
repulsivity below).
In contrast, the main scope of this paper is to analyse a case of a drift, which is singular (that is non-
Lipschitz) at one point, but not necessarily strongly repulsive: hence the multi-dimensional nature of the
problem cannot be disregarded.
1.2. Equation under concern
In this paper, we consider the following equation:
dXεt = ∇V
(
Xεt
)
dt+ εdBt, X
ε
0 = 0, (1.1)
where (Bt)t≥0 is a d-dimensional Brownian motion, with d ≥ 2, ε is a positive intensity parameter, which
is intended to be small, and V is a real-valued map defined on Rd, which is referred to as a potential. In
particular, ∇V maps Rd into itself and the state Xεt at time t ≥ 0 is a vector of Rd. We sometimes regard
the dynamics of (Xεt )t≥0 as the motion of a particle.
Importantly, ∇V is not assumed to be Lipschitz in the neighborhood of 0 but is required to be continuous
at 0. As a byproduct, the zero noise version of the equation may be ill-posed. A typical instance is
V (x) = |x|1+α, x ∈ Rd,
for α ∈ [0, 1), where | · | denotes the Euclidean norm, in which case
∇V (x) = (1 + α)|x|α−1x, x ∈ Rd. (1.2)
Although the form of the singularity in (1.2) is somehow representative of the types of potentials addressed
in this paper, the radial structure of V makes the example in itself of a somewhat limited scope. Using the
rotational invariance of the dynamics, one may indeed investigate the solutions to (1.1)–(1.2) by following
the arguments developed by Bafico and Baldi [2] in the one-dimensional case: (1.2) is a typical instance of
what we called above a strongly repulsive drift.
Our objective is thus to go further and to address cases where V (x) behaves like |x|1+α in some directions
only. Typically, the result we prove below applies to potentials of the form
V (x) = g
( x
|x|
)|x|1+α, x ∈ Rd \ {0}, V (0) = 0, (1.3)
for a non-negative smooth enough spherical1 function g that is non-zero on a sector with a non-empty
interior. The detailed conditions that we need are spelled out below, see Section 2. In fact, our approach
allows for more general potentials of the form
V (x) = g(x)|x|1+α + h(x)|x|1+β , x ∈ Rd \ {0}, V (0) = 0, (1.4)
where g is a non-negative perturbation of a spherical function (see (2.1) for a precise meaning) and h is
an arbitrary function, the supports of the two being included in two disjoint 0-originated cones of Rd.
Importantly, α is assumed to be (strictly) less than β, which says that, close to the origin, the highest values
of the potential are imposed by g2.
Equation (1.1) is called a gradient flow. The main feature is that, in the zero noise case, namely when
ε = 0, the potential is non-decreasing along the solutions of (1.1). When the dynamics are initialized from
a point different from 0 at which the gradient of V is not zero, the potential is locally increasing (in the
strict sense); in particular, when the dynamics start from a point at which g is positive, the particle goes
1i.e. defined on the sphere Sd−1.
2We believe that our analysis could be generalized to the case when β < α and h is negative, but this would require an
additional effort, see Remark 2.2.
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away from 0 since the gradient of V has a positive radial direction. For sure, when the initial condition is 0,
nothing can be said. When the initial condition is in the region {h 6= 0}, the motion of the particle heavily
depends on the sign of h, but, actually, the latter does not matter for our purposes. Such a picture slightly
differs in the presence of noise: When ε > 0, there is a competition between the steepness of the potential
and the intensity of the noise. In this regard, the 1d case says that, in cases like (1.3) or (1.4), for which the
gradient of the potential at x may be much larger than |x|, the noise should only matter when the particle
is really close to 0; as soon as the particle is sufficiently far away from 0, the deterministic dynamics should
dominate. Intuitively, the expected picture should be as follows: the steeper the potential the stronger the
influence it has on the dynamics. In other words, whilst the particle has an isotropic motion under the sole
action of the noise, the way it feels the potential differs from one region of the space to another; in particular,
at a given distance of the origin, the action of the potential should depend upon the angle of the particle. In
this regard, it must be clear that the potential should become effective at a smaller distance in the region
{g > 0} since it takes higher values there. In this region, the deterministic dynamics should dominate rather
quickly and should push the solution to (1.1) away from the singularity, hence leading to the following guess:
The particle leaves the singularity by going through the region {g > 0}; certainly, the most likely directions
of escape are those along which g is maximal.
Here we provide a quite complete picture of this phenomenon for a family of potentials like (1.4). We
first show that the noise dictates the form of the solution to (1.1) (when ε > 0 and Xε0 = 0) as long as the
potential does not exceed a level of order ε2 (whatever the form of V provided it satisfies our conditions).
This is an analogue of the concept of transition point used in [10], see Section 3. The key fact to do so
is to compare the law of the path of the particle to the law of a Brownian motion of intensity ε by using
Girsanov’s theorem for martingales with a bounded mean oscillation. Next, we prove that the sites at which
the potential hits a level of order ε2 are located, with probability asymptotically equal to 1, in the region
{g > 0}, see Section 4. In Section 5, we prove that, when restarting with a potential of order ε2 from the
region {g > 0}, the particle stays within the region {g > 0} with probability asymptotically equal to 1 and
escapes from the singularity at a macroscopic rate. Lastly, we prove that the directions that the particle
follows (while escaping from the singularity) are asymptotically given by the unit vectors x/|x| of Sd−1 that
maximize g(r x|x| ) for r close to 0, see Section 6. Numerical examples are provided in Section 7 to illustrate
our results. Assumptions and statements are provided in Section 2.
2. Assumption and Statements
2.1. Assumptions
Throughout the paper, (Ω,F ,F = (Ft)t≥0,P) is a complete filtered probability space satisfying the usual
conditions and (Bt)t≥0 is a d-dimensional Brownian motion with respect to F, where d ≥ 2. Moreover, we
use two sets of assumptions. The first one is defined right below.
Assumption A.
(A1) The function V is a C1 Lipschitz function on Rd which is C1,1 on any compact subsets of Rd \ {0}. It
has the following writing:
V (x) = g(x)|x|1+α + h(x)|x|1+β ,
for x ∈ Rd \ {0}, where α ∈ (0, 1) and β ∈ (α, 1]. Above, g and h are bounded functions that are C1,1
on any compact subsets of Rd \ {0}. In particular, V (0) = 0. The function g is non-negative. The sets
{g 6= 0} and {h 6= 0} are disjoint. We denote by C0 a common bound to g and h.
(A2) The gradient and Hessian of V (the latter being defined almost everywhere) satisfy∣∣∇V (x)∣∣ ≤ C0|x|α, ∇V (x) · x|x| ≥ −C0|x|β , ∣∣∇2V (x)∣∣ ≤ C0|x|α−1.
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In particular, ∇V (0) = 0. Also, there exists a0 > 0 such that, for any x ∈ Rd \ {0} with g(x) ∈ (0, a0),
∆V (x) ≥ 0,
provided that the Hessian of V is well-defined at point x.
(A3) There exists a cone C with 0 as vertex such that infx∈C g(x) ≥ c0. In the interior of the set g−1(0) =
{g = 0}, the gradient and Hessian of V (the latter being defined almost everywhere) satisfy∣∣∇V (x)∣∣ ≤ C0|x|β , ∣∣∇2V (x)∣∣ ≤ C0|x|β−1.
In the region {g > 0},∣∣∇V (x)∣∣ ≥ c0V (x)|x| .
(A4) The rate at which V and its derivative vanish at the boundary of {g > 0} is dictated by a function
L : Rd \ {0} → R+ that vanishes on ∂{g > 0} and by an exponent p > 0 such that
c0L(x)
p+1|x|1+α ≤ V (x) ≤ C0L(x)p+1|x|1+α, c0L(x)p|x|α ≤
∣∣∇V (x)∣∣ ≤ C0L(x)p|x|α,
for x such that g(x) ∈ (0, a0).
(If g does not vanish, (A4) is satisfied for a0 small enough.)
Remark 2.1. Since we are just interested in the local behavior of Xε in the neighborhood of 0, we can
easily relax the above assumptions and assume that V satisfies the above properties in a neighborhood of 0
only.
Remark 2.2. An interesting extension is the case when β is allowed to be strictly less than α and h is
negative and decreases with |x| (so that h becomes more and more negative when moving away from the
origin). In that case, we may expect that the particle hardly goes into the region {h < 0} because of the
effect of the potential: In the part of the space where h is negative, the potential tends to push back the
particle to the origin. Anyhow, our proof does not apply to this new case: One of our main step in the
proof is to show that, until the potential reaches thresholds of order ε2, the particle behaves like a Brownian
motion, see Section 3. When V is steeper on {h 6= 0} (the slope being here negative in the radial direction)
than on {g = 0} (the slope being positive in the radial direction), this picture may no longer be true since
h may induce some reflection phenomenon (the precise form of which should be addressed carefully).
Another extension concerns the case of non-potential perturbations. Again, we feel that the tools that we
use here could be adapted but, clearly, some care would be needed to make sure that the whole machinery
indeed works.
Here is the second set of assumptions that we shall use.
Assumption B.
(B1) For the same L, p, C0 and a0 as in (A4), but under the additional assumption that p ≥ 1,∣∣∇2V (x)∣∣ ≤ C0L(x)p−1|x|α−1,
for almost every x such that g(x) ∈ (0, a0).
(B2) There exist a differentiable map Θ : Sd−1 → R+ and a function η : Rd → R such that
g(x) = Θ
( x
|x|
)
+ η(x), x ∈ {g > 0}, (2.1)
where η satisfies lim supδ↘0 sup|x|≤δ(|η(x)|/|x|) <∞. Moreover, the tangential direction to ∇V in the
region {g > 0} may be decomposed in the form
∇V (x)− (∇V (x) · x|x|) x|x| = [grad Θ( x|x|)+ η′(x)]|x|α, x ∈ {g > 0}, (2.2)
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where, for u ∈ Sd−1, grad Θ(u) is the gradient of Θ at point u ∈ Sd−1, which is a vector of the
tangent space TuSd−1 to the sphere Sd−1 at u that we regard as a vector of Rd, the tangent space
to the sphere reading as the space of vectors of Rd that are orthogonal to u. In the above expan-
sion, the function η′ (which should not be confused with the derivative of η) is required to satisfy
lim supδ↘0 sup|x|≤δ(|η′(x)|/|x|) <∞. Lastly, we require that the function
Sd−1 3 u 7→ grad Θ(u) ∈ TuSd−1 ⊂ Rd (2.3)
is Lipschitz.
Assumption (2.1) plays a crucial role in our analysis: Up to the perturbation η, it permits to separate
the radius and the angular structures of the potential. In this regard, it is worth noting that, for x small,
the condition g(x) > 0 is essentially equivalent to Θ(x/|x|) > 0 (which, for a given u ∈ Sd−1, may written
in the form limλ↘0 g(λu) > 0 if and only if Θ(u) > 0). Of course, the condition (2.2) for the gradient of the
potential has a similar role. It is obtained by differentiating formally (2.1) (which can be made rigorous if η
is differentiable), by means of the useful relationship
∇
[
Θ
( x
|x|
)]
=
1
|x|grad Θ
( x
|x|
)
=
1
|x|
(
Id − x|x| ⊗
x
|x|
)
∇Θ( x|x|), (2.4)
for x ∈ Rd \ {0}, where ∇ in the left and right terms is the usual d-dimensional Euclidean gradient. In the
last term, Id − x|x| ⊗ x|x| is the orthogonal projection onto the orthogonal vector space to x and ∇Θ makes
sense if Θ is extended to a neighborhood of the sphere.
Condition (2.3) says that Θ is C1,1. It implies in particular that supu∈Sd−1 |grad Θ(u)| <∞. It is extremely
useful as it permits to consider the ODE (with values in Rd)
φ˙t = grad Θ
( φt
|φt|
)
, t ≥ 0 ; φ0 = u, (2.5)
for an initial condition u ∈ Sd−1. By (2.3), the solution is locally well-defined. In fact, since u ∈ Sd−1 and
grad Θ is orthogonal to u, the solution remains on the sphere and is (uniquely) defined over the entire [0,∞).
It is denoted by (φut )t≥0. Actually, we set (2.5) on Rd for convenience. Since grad Θ may be regarded as a
vector field on Sd−1, we can also consider the equation on the sphere, in which case it takes the form
φ˙t = grad Θ(φt), t ≥ 0 ; φ0 = u. (2.6)
Below, we denote by S the collection of local maxima u ∈ Sd−1 of (2.2) satisfying Θ(u) > 0. Given these
objects, we also require the following properties:
(B3) For any a > 0 small enough, there exists a basin of attraction Ba ⊂ {u ∈ Sd−1 : Θ(u) > 0} such that
(B3-a) For all r > 0, we can find T0 := T0(r) > 0 (which may depend on r) satisfying
∀t ≥ T0, ∀u ∈ Ba, dist
(
φut ,S
) ≤ r;
(B3-b) For all r > 0, there exists r′ > 0 such that, for any u ∈ Sd−1 with dist(u,S) < r′, u belongs to
Ba and (φut )t≥0 remains at distance less than r of S 3;
(B3-c) For any a > 0 small enough, Θ−1([a, 3a]) is included in Ba.
(B4) The set L of local minima of the function Θ on {Θ > 0} is finite (it may be empty). Moreover,
3The reader must be aware of the fact that the second part of the assumption (B3-b), namely (φut )t≥0 remains at distance
less than r of S, follows from the first part of the assumption itself and from (B3-a). Indeed, for a given r > 0, we can choose
T0 as in (B3-a) and then choose, by the first part of (B3-b), r′ small enough such that u belongs to Ba, which shows that
dist
(
φut ,S
) ≤ r for t ≥ T0. In order to guarantee that the same holds true for t ∈ [0, T0], we notice that, since S is preserved
by φ, we have supt∈[0,T0] dist(φ
u
t ,S) ≤ CT0dist(u,S) for a constant CT0 depending on T0 but independent of u.
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(B4-a) For each local minimum uw ∈ L, there exists an open ball (on the sphere) B(uw, ew) := {u ∈ Sd−1 :
|u− uw| < ew}, for some ew > 0, on which the function Θ is twice continuously differentiable and
uniformly convex, meaning that the Hessian of Θ on the sphere, denoted by Hess Θ, satisfies, for
any u ∈ B(uw, ew) and any v ∈ TuSd−1, v · Hess Θ(u)v ≥ c|v|2, the inner product being regarded
as the inner product on TuSd−1;
(B4-b) For any a > 0 small enough and for each local minimum uw ∈ L, there exists aw > 0 such that
aw < inf |u−uw|=ew Θ(u) and{
u ∈ Sd−1 : Θ(u) ≥ a} \ ( ⋃
uw∈L
{
u ∈ B(uw, ew) : Θ(u) < aw
}) ⊂ Ba.
Assumptions (B3) and (B4) provide a strong form of asymptotic stability. Condition (B3-a) says that Ba
is a subset of {Θ > 0} such that the distance between the flow φ and the set of local maxima S converges to
0 as time increases, uniformly in the initial condition u ∈ Ba. Condition (B3-b) says that the neighborhood
of S is included in Ba while (B3-c) says that the neighborhood of {Θ = 2a}, for a small, is also in Ba
(whence the dependence on a). Lastly, (B4-a) says that the local minima of Θ on {Θ > 0} are located
at bottoms of uniformly convex wells while (B4-b) guarantees that, starting sufficiently far away from the
local minima (now including 0 as a local minimum), the flow is uniformly attracted to S (as it starts from
Ba and Ba is uniformly attracted to S, see (B3-a)).
If useful, we remind the reader of the definition of Hess Θ in (B4-a). For u ∈ Sd−1, Hess Θ(u) is given
by the covariant derivative of grad Θ(u). On the sphere, the covariant derivative may be easily computed as
the orthogonal projection of the (standard) Euclidean derivative onto TuSd−1. In other words, if Θ extends
to a local neighborhood of the sphere, then, with the same notation as in (2.4), Hess Θ(u) = (Id − u ⊗
u)∇[grad Θ(u)], where ∇ is the standard Euclidean derivative. In turn, grad Θ(u) reads as grad Θ(u) =
(Id − u⊗ u)∇Θ(u) and we end up with the formula
Hess Θ(u) = (Id − u⊗ u)
[∇2Θ(u)− (u · ∇Θ(u))Id], (2.7)
where∇2 is the standard Hessian matrix in Rd. In this regard, it is worth noticing that the convexity property
in (B4-a) may be stated in other ways without any use of the Hessian tensor. Still, we feel it simpler to use
this definition in the text and we let the interest reader refer to standard references on geodesic convexity
for more details on the subject. In the special case of the sphere, the reader may find a complete overview
of geodesic convexity (including the definition that we use here) in [13]. Actually, in the analysis below, we
invoke convexity in two forms. Of course, we make use of the lower bound on the Hessian tensor, as it is
stated in (B4-a). We also claim (and it is useful for us) that we can find a constant c′ > 0 such that, for
each local minimum uw ∈ L, for any u ∈ B(uw, ew),∣∣grad Θ(u)∣∣2 ≥ c′(Θ(u)−Θ(uw)). (2.8)
Here the constant c’ depends on c in (B4-a) and of the Lipschitz constant in (2.3). Property (2.8) is
completely standard in the Euclidean setting. The proof on the sphere is similar, replacing Euclidean straight
lines by geodesics on the sphere (whence the notion of geodesic convexity): We refer for instance to [13,
Proposition 8] for the details.
2.2. Example in dimension d = 2
We here provide a quite generic example of a 2-dimensional potential V satisfying the above requirements.
Take indeed
V (x) = g(θ)|x|1+α, x ∈ R2,
where θ is the angle (or argument) in the polar decomposition of x and g is a function from R/(2piZ) into R+
which is positive on an open interval U = (θ0, θ1) + 2piZ of the torus, where −pi < θ0 < θ1 ≤ pi, and which
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is 0 outside. On the closure of U , g extends into a twice continuously differentiable function, the extension
of g and its derivative vanishing at the boundary of U . In particular, g is C1,1 on the torus.
Clearly, for x 6= 0,
∇V (x) = (1 + α)g(θ)|x|αuρ + g′(θ)|x|αuθ,
∇2V (x) = (1 + α)αg(θ)|x|α−1uρ ⊗ uρ + αg′(θ)|x|α−1uρ ⊗ uθ
+ αg′(θ)|x|α−1uθ ⊗ uρ +
(
g′′(θ) + (1 + α)g(θ)
)|x|α−1uθ ⊗ uθ,
∆V (x) = (1 + α)2g(θ)|x|α−1 + g′′(θ)|x|α−1.
(2.9)
where
uρ =
(
cos(θ)
sin(θ)
)
and uθ =
( − sin(θ)
cos(θ)
)
.
So, for those x whose argument is between θ0 and θ1, ∆V (x) ≥ 0 if and only if (identifying g with its
extension to [θ0, θ1])
(1 + α)2g(θ) + g′′(θ) ≥ 0.
For θ > θ0 close to θ0, g(θ) ≈ 12 (θ− θ0)2g′′(θ0). Therefore, if g′′(θ0) > 0, the above inequality is indeed true
in the neighborhood of θ0. The same holds in the neighborhood of θ1, which shows that (A2) and (A3) are
indeed satisfied. Condition (A4) is easily satisfied as well with L(x) = min[(θ − θ0)+, (θ1 − θ)+] and p = 1.
It now remains to discuss Assumption (B). (B1) is true with p = 1 possibly increasing C0 and (B2)
holds with Θ(u) = g(θ) (and so grad Θ(u) = g′(θ)uθ), where θ is the argument of u ∈ S1. In particular, (2.5)
rewrites in the form
φut =
(
cos
(
ϑθt
)
sin
(
ϑθt
) ) , ϑ˙θt = g(ϑθt ), t ≥ 0 ; ϑθ0 = θ.
Now we call S the collection of local maxima of g on (θ0, θ1) and L the collection of local minima (also
on (θ0, θ1)). For simplicity, we assume that S is a finite union of closed intervals of the form ∪ni=1[mi0,mi1],
with mi0 ≤ mi1 < mi+10 . Each of these intervals may reduce to one point. Following (B4), we assume that
L is finite (and may be empty) and that elements of L (if not empty) are located at bottoms of uniformly
convex wells; in the latter case, we enumerate the elements of L in the form u1 < · · · < u`, for ` ≥ 1, and we
denote by ([uj − ej , uj + ej ])1≤j≤` non-trivial disjoint intervals on which g is uniformly convex. Moreover,
we assume that the zeros of g′ on (θ0, θ1) are restricted to S ∪ L. For a small enough such that 3a is less
than the minimum of g over L, we let
Ba =
{
θ ∈ (θ0, θ1) : g(θ) ≥ a
} \ (⋃`
j=1
{
θ ∈ (uj − ej , uj + ej) : g(θ) < g(uj) + a
})
.
Obviously, we may choose a small enough such that, for each j = 1, · · · , `, g(uj ± ej) > g(uj) +a. The latter
guarantees that the level set {θ ∈ (uj − ej , uj + ej) : g(θ) = g(uj) +a} separates the bottom of the well from
Ba. This shows (B4).
It remains to check (B3). For sure, Ba contains g−1([a, 3a]), which is (B3-c). Also, for θ ∈ Ba \ S, θ lies
in an interval of the form [u+ ,m) or (m,u− ], where u is a local minimum of g (u being possibly equal to
θ0 or θ1) and m is equal to some m
i
0 or m
i
1, for some i ∈ {1, · · · , n}. Here,  is a small enough positive real
that merely accounts for the fact that the distance between Ba and L ∪ {θ0, θ1} is not zero. In case when
the interval has the form [u+ ,m), g must be increasing on it and g′ has to be (uniformly) positive on any
compact subinterval. In particular, (ϑu+t )t≥0 reaches any neighborhood of m in finite time. Since ϑ
u+
t ≤ ϑθt
for any θ ∈ [u + ,m) and for any t ≥ 0, we deduce that (ϑθt )t≥0 reaches any neighborhood of m in finite
time, uniformly in θ ∈ [u + ,m) (and then never comes back as otherwise g would decrease). Proceeding
similarly when the interval has the form (m,u− ], this shows (B3-a). Condition (B3-b) is obvious.
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Remark 2.3. For sure, we could address more general 2-dimensional examples of the form V (x) =
g(θ)|x|1+α + h(x)|x|1+β , by choosing g as before and by choosing h as a C1,1 function with a support
of empty intersection with the closure of the 2-dimensional sector induced by {g > 0}. In order to com-
pletely match (2.1), we could also consider perturbations of g of the form `(x)g(θ) where ` is a smooth
function satisfying `(0) 6= 0.
Numerical examples are given in Section 7.
2.3. Higher dimensional example
The natural extension of the above 2d case is
V (x) = g
( x
|x|
)|x|1+α, x ∈ Rd \ {0}, (2.10)
for a function g defined (say) on a neighborhood U of the sphere Sd−1 := {x ∈ Rd : |x| = 1}. In that case,
∇V (x) = |x|α(Id − x|x| ⊗ x|x|)∇g( x|x|)+ (1 + α)g( x|x|)|x|α x|x| ,
for x ∈ Rd \ {0}, see (2.4). Very much in the spirit of (2.9) (see also (2.7)), a similar formula may be derived
for the second order derivatives of V . We may deduce that (A1), (A2) and (A3) are satisfied if g takes
non-negative values, is not identically zero on Sd−1, and is C1,1 on U and if there exists a0 > 0 such that
the following holds true for the x’s in U for which ∇2g(x) is well-defined and g(x) ∈ (0, a0):
∆V (x) = |x|α−1
(
Trace
[(
Id − x|x| ⊗
x
|x|
)[∇2g( x|x|)− ( x|x| · ∇g( x|x| ))](Id − x|x| ⊗ x|x|)
]
+ (1 + α)
(
d− 1 + α)g( x|x|)
)
≥ 0.
(2.11)
Conditions (A4) and (B1) are satisfied if, for x in the neighborhood of Sd−1, g(x) = `(x)p+11{x∈U+} for
some p ≥ 1, where U+ ⊂ Rd is an open set of non-empty intersection with Sd−1, and ` is a positive-valued
twice continuously differentiable function on U+, such that `, ∇` and ∇2` extend by continuity to the closure
U+ of U+, the extensions satisfying, for any u ∈ ∂U+ ∩ Sd−1,
`(u) = 0, grad `(u) =
(
Id − u⊗ u
)∇`(u) 6= 0.
Indeed, with such a choice, g is C1,1 on U . Moreover, by compactness of U+ ∩ Sd−1 and by continuity
of ∇`, we can find ε > 0 small enough such that infu∈U+∩Sd−1:dist(u,∂U+)≤ε |grad `(u)| > 0. Then, a0 :=
infu∈U+∩Sd−1:dist(u,∂U+)≥ε `
p+1(u) > 0, and (A4) and (B1) hold true with L(x) = `(x/|x|)1{x/|x|∈U+} and
for these values of p and a0.
Within this framework, we recover (2.1) and (2.2) in (B2) with
Θ(u) = g(u), grad Θ(u) =
(
Id − u⊗ u
)
∇g(u), u ∈ Sd−1 ; η(x) = η′(x) = 0, x ∈ Rd.
Obviously, (B2) holds true if g is C1,1 on U .
In order to guarantee (B3) and (B4), we may proceed as in the 2d example. We call S and L the sets of
local maxima and of local minima of Θ on {Θ > 0} and we require that, on {Θ > 0} \ (S ∪L), |grad Θ| > 0.
Moreover, following (B4-a), we require that L is finite and that each element of L is located at the bottom
of a uniformly convex well. As in dimension 2, we ask S to write as the finite union of closed disjoint
connected subsets (the value of the local maximum on each connected component being hence constant).
As the proofs of (B3) and (B4) are here similar to the 2d case, we just give a sketch of them. The idea
is as follows. Whenever the flow starts from a compact subset K ⊂ {Θ > 0} \ (L ∪ S), it stays within K
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for a finite time only, uniformly with respect to the initial point (as long as the latter is in K). Indeed,
(d/dt)[Θ(φt)] = |grad Θ(φt)|2 remains lower bounded by a positive constant, only depending on K, as long
as φt remains in K. Hence, for any r > 0, the distance between the flow and S becomes less than r in finite
time (uniformly with respect to the initial point in K) as otherwise Θ would blow up along φ. In order
to complete the proof, it suffices to show that, for a given r > 0, the flow remains at distance to S less
than r provided that dist(φ0,S) is small enough. In fact, since S writes as the union of a finite number
of closed disjoint connected sets, say S1, · · · ,Sn, we just have to show that, for a given r > 0, for any
i ∈ {1, · · · , n}, φ remains at distance to Si less than r provided that dist(φ0,Si) is small enough. For r small
enough, we have supu:dist(u,Si)=r g ≤ g(Si)− ε, for some ε > 0 depending on r. Choose now r′ > 0 such that
infu:dist(u,Si)≤r′ g ≥ g(Si)− ε/2. Then, whenever dist(φ0,Si) ≤ r′, we have Θ(φt) ≥ g(Si)− ε/2 for all t ≥ 0.
In particular, φ cannot go at distance to Si greater than or equal to r, as otherwise Θ(φ) would pass below
g(Si)− ε. This provides a similar picture to the 2d case and we let the reader define Ba accordingly.
2.4. Statements
By Veretennikov [26], we have the following proposition:
Proposition 2.4. Let Assumption A be in force. Then, for all ε > 0, the equation (1.1), with Xε0 = 0 as
initial condition, has a unique (strong) solution, which is denoted by (Xεt )t≥0.
Here are the two statements we prove below.
Theorem 2.5. Under Assumption A, there exist two constants c > 0 and ψ ∈ (0, 1) and a collection of
positive times (tε)ε>0 converging to 0 with ε such that, whenever X
ε
0 = 0 for all ε > 0, it holds that
lim inf
ε↘0
P
(
∀t ∈ [tε, t?], V
(
Xεt
) ≥ ((1− ψ)c(t− tε)+) 11−ψ , g(Xεt ) > 0) = 1,
where t? := inf
{
t ≥ 0 :
(
(1− ψ)ct
) 1
1−ψ ≥ 12
}
∧ 1.
Theorem 2.6. Assume Assumptions A and B are in force. Then, for given pi ∈ (0, 1) and r > 0, we can
find a collection of positive times (tε)ε>0 converging to 0 with ε together with a positive time  > 0 such that
lim inf
ε↘0
P
(
∀t ∈ [tε, ], |Xεt | > 0, dist
( Xεt
|Xεt |
,S
)
≤ r
)
≥ 1− pi.
In the text, we call a collection of positive times (tε)ε>0 converging to 0 with ε an infinitesimal time (or
infinitesimal sequence).
The interpretation of Theorem 2.5 is pretty clear: With probability converging to 1, the potential grows
polynomially fast after some infinitesimal time tε (at least up until time t?); meanwhile g(X
ε) remains
positive. In other words, with probability converging to 1, the particle goes away from the singularity while
staying within the region {g > 0} (observe indeed that the particle cannot stay close to 0 as the potential
increases).
Although the statement does not say anything about the behavior of the particle after time t?, we can
guess it quite easily. When starting away from the singularity (say from Xε0 = x0 for a fixed x0 with |x0| > 0),
the solution of the SDE (1.1) converges to the solution of the ODE x˙t = ∇V (xt) (with x0 as initial condition)
up until it reaches some fixed neighbordhood O of the origin. In fact, we can easily choose the neighborhood
O in such a way that the solution of the limiting ODE does not reach it, since the potential cannot decrease
along the limiting ODE. Hence, as ε tends to 0, the probability that the solution of the SDE (1.1) with x0
as initial condition reaches O gets smaller and smaller. In other words, the particle stays away from the
singularity and follows, asymptotically as ε tends to 0, the solution (xt)t≥0 of the deterministic version of
(1.1) with x0 as initial condition.
The interpretation of Theorem 2.6 is also obvious: With probability converging to 1, and under the
required conditions, the paths that the particle follows to escape from the singularity are locally (i.e., on a
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piece of time [0, ] with  independent of ε) directed by the local maxima in Sd−1 ∩ {Θ > 0} of Θ. In other
words, the particle follows directions that maximize the potential, or equivalently, steepest lines. Somehow,
this is the multi-dimensional generalization of Bafico and Baldi’s result.
Notations. Throughout the proofs, we specify when needed the parameters on which the various constants
do depend. We often write C(A) (or C(A,B)) to stress the fact that the constant C in hand may depend
on the parameters in Assumption A (or in Assumptions A and B).
2.5. Submartingale dynamics of the potential
Part of the analysis relies on the submartingale properties of the potential process (V εt := V (X
ε
t ))t≥0. The
latter is pretty easy to check whenever the potential function V is convex. When V is not convex, we need
to prove the submartingale property for a perturbation of the potential process, which is the precise purpose
of the next two lemmas.
Lemma 2.7. Call (Xεt )t≥0 the solution of (1.1) with X
ε
0 = 0 as initial condition and let
V εt := V (X
ε
t ), ∇V εt := ∇V (Xεt ), Rεt := |Xεt |, t ≥ 0.
Letting for any ε > 0
κε := inf
{
t ≥ 0 : Rεt ≥ ε
2
1+β+
β−α
2
}
,
there exist two positive constants η := η(A) and ε? := ε?(A), such that, for any ε ∈ (0, ε?], the process(
V εt∧κε + η
(
Rεt∧κε
)1+α − ∫ t∧κε
0
|∇V εs |2ds
)
t≥0
is a sub-martingale.
If needed, we can choose η in such a way that the function x 7→ V (x) + 12η|x|1+α is non-negative on the
ball of center 0 and radius 1.
Proof. We first notice that, for a given ε, the law of (Xεt )0≤t≤T is equivalent to the law of (εBt)0≤t≤T , for
any T > 0. In particular, for any ε > 0,
P
(
∀t > 0, Xεt 6= 0
)
= 1.
Hence, for any t > 0, it makes sense to expand (V εs )s≥t since V is C1,1 on any compact subset of Rd \ {0}.
Equivalently, it makes sense to write dV εt , for t > 0; then, the only difficulty is integrate those microscopic
variations between 0 and some positive time. We shall come back to this point when necessary.
First step. We start with the following two simple computations:
dV εt =
(
|∇V εt |2 + 12ε2∆V εt
)
dt+ ε∇V εt · dBt, t > 0,
d
(
Rεt
)2
=
(
2Xεt · ∇V εt + dε2
)
dt+ 2εXεt · dBt, t > 0.
(2.12)
In particular, Itoˆ’s formula, with the function f(x) = x
1+α
2 yields
d
(
Rεt
)1+α
=
(
(1 + α)
(
Rεt
)αXεt
Rεt
· ∇V εt + ε2(1 + α)
d+ α− 1
2
(
Rεt
)α−1)
dt+ ε(1 + α)
(
Rεt
)αXεt
Rεt
· dBt.
Hence, for any constant η > 0,
d
[
V εt + η
(
Rεt
)1+α]
=
(
|∇V εt |2 + 12ε2∆V εt + η(1 + α)
(
Rεt
)αXεt
Rεt
· ∇V εt + ε2η(1 + α)
d+ α− 1
2
(
Rεt
)α−1)
dt
+ ε
(
∇V εt + η(1 + α)
(
Rεt
)αXεt
Rεt
)
· dBt. (2.13)
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Second step. Notice from (A2) that there exists a constant C such that, for t < κε,
η(1 + α)
(
Rεt
)αXεt
Rεt
· ∇V εt ≥ −ηC
(
Rεt
)α+β ≥ −ηCε2ε (1+β)(β−α)2 (Rεt)α−1,
where we used the fact that, for t < κε, (Rεt )
α+β = (Rεt )
α−1(Rεt )
1+β ≤ ε2ε (1+β)(β−α)2 (Rεt )α−1. Now, by
assumption (A2) on the shape of the potential function, we can choose η := η(A) large enough and ε? :=
ε?(A) small enough such that, for ε ≤ ε? and for t > 0,
1
2ε
2∆V εt + η(1 + α)
(
Rεt
)αXεt
Rεt
· ∇V εt + ε2η(1 + α)
d+ α− 1
2
(
Rεt
)α−1 ≥ 0.
We deduce that(
V εt∧κε + η
(
Rεt∧κε
)1+α − ∫ t∧κε
0
|∇V εs |2ds
)
t>0
is a sub-martingale. We easily include time t = 0 by a continuity argument. Choosing η such that V (x) +
1
2η|x|1+α ≥ 0 for |x| ≤ 1 (which is possible since V (x) ≤ C0|x|1+α for |x| ≤ 1), we complete the proof.
In fact, and this is a crucial point in the rest of the analysis, we can do better when we restart away from
the boundary.
Lemma 2.8. For a given r0 > 0, assume that, for any ε > 0, the starting point X
ε
0 of the diffusion process
is located at distance Rε0 ≥ ε
2
(1+α) r0 from the origin.
Then, there exist two positive constants r? := r?(A) and ε? = ε?(A) such that, for ε ∈ (0, ε?], we can
find a positive constant ηε := η(A, ε), depending on ε, such that, for r0 ≥ r?, the process(
V εt∧κε,′ + ηε
(
Rεt∧κε,′
)1+α − 1
2
∫ t∧κε,′
0
|∇V εs |2ds
)
t≥0
is a sub-martingale, where we used here the notations:
κε,′ := inf
{
t ≥ 0 : Rεt ≤ 12ε
2
1+α r?
}
∧ inf
{
t ≥ 0 : Rεt ≥ ε
2
1+β+
β−α
2
}
.
Moreover, we can choose ηε converging to 0 with ε such that the function x 7→ V (x) + 12ηε|x|1+α is positive
on the ball of center 0 and of radius ε
2
1+β+
β−α
2 .
Notice that, for ε ∈ (0, 1),
ε
2
1+α = ε
2
1+β+
β−α
2 ε
2(β−α)
(1+α)(1+β)−
β−α
2 = ε
2
1+β+
β−α
2 ε
(β−α) 4−(1+α)(1+β)2(1+α)(1+β) = o
(
ε
2
1+β+
β−α
2
)
, (2.14)
where we used the Landau notation o(·) in the last line. This proves that, for ε small enough, the stopping
time κε,′ makes sense.
Proof. The proof is pretty much the same as the proof of Lemma 2.7. The point is to investigate the sign of
the drift in the semi-martingale expansion (2.13). In this new framework, we can no longer choose η as large
as needed and the main difficulty for lower bounding the drift in (2.13) is to guarantee that the following
condition is indeed satisfied for ε small enough (notice that the coefficient 18 in front of |∇V εt |2 is for later
use, here we could work with 12 instead of
1
8 )
1
8 |∇V εt |2 + 12ε2∆V εt + η(1 + α)
(
Rεt
)αXεt
Rεt
· ∇V εt + ε2η(1 + α)
d+ α− 1
2
(
Rεt
)α−1 ≥ 0,
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with the constraint that η becomes small with ε. Equivalently, we want to check, for any x with |x| ∈
[ 12ε
2
1+α r?, ε
2
1+β+
β−α
2 ] (the value of r? being made preciser later on in the proof), the inequality
1
8 |∇V (x)|2 + 12ε2∆V (x) + η(1 + α)|x|α
x
|x| · ∇V (x) + ε
2η(1 + α)
d+ α− 1
2
|x|α−1 ≥ 0, (2.15)
holds for ε small enough.
To start with, we may proceed as in the second step of the proof of Lemma 2.7 to prove that
η(1 + α)|x|α x|x| · ∇V (x) ≥ −ηCε
2ε
(1+β)(β−α)
2 |x|α−1,
for |x| ≤ ε 21+β+ β−α2 and for a constant C := C(A). This says that, for ε ≤ ε?(A) and whatever the values
of η and r?, for |x| ∈ [ 12ε
2
1+α r?, ε
2
1+β+
β−α
2 ],
η(1 + α)|x|α x|x| · ∇V (x) + ε
2η(1 + α)
d+ α− 1
4
|x|α−1 ≥ 0.
Hence, in order to to prove (2.15), it suffices to prove
1
8 |∇V (x)|2 + 12ε2∆V (x) + ε2η(1 + α)
d+ α− 1
4
|x|α−1 ≥ 0, (2.16)
for x as therein (and with an appropriate value of r?).
We shall distinguish three cases in order to check condition (2.16).
First case. We first work on the domain g−1(0, a0) = {g ∈ (0, a0)}, for a0 as in the assumption. By
assumption, we know that ∆V (x) ≥ 0, for g(x) ∈ (0, a0). In that case, (2.16) is obvious.
Second case. Take now x such that g(x) ≥ a0 and |x| ≥ 12ε
2
1+α r?. Then, by assumption, we know that
|∇V (x)|2 ≥ c0|x|2α. Meanwhile we have, for |x| ≥ 12ε
2
1+α r?,
ε2|∆V (x)| ≤ C0
(2|x|
r?
)1+α
|x|α−1 = C021+α 1
r?1+α
|x|2α.
So choosing r? := r?(A) large enough, we get
1
8 |∇V (x)|2 + 12ε2∆V (x) ≥ 0,
which obviously suffices to complete the proof.
Third case. It remains to see what happens for x such that g(x) = 0 and |x| ≤ ε 21+β+ β−α2 . Observe that,
so far, we have not used η yet; we make its role explicit in this step. In this regard, we invoke Lemma 7.1
below, from which the boundary of the set {g = 0} has zero Lebesgue measure. Hence, it suffices to check
(2.16) on a full Lebesgue subset, because Xεt has absolutely continuous law with respect to the Lebesgue
measure. Therefore, we may assume that x belongs to the interior of the set g−1(0), in which case we have
ε2|∆V (x)| ≤ C0ε2|x|β−1.
So, for x ∈
◦
g−1(0) (which denotes the interior of g−1(0)), with |x| ≤ ε 21+β+ β−α2 , we have
1
2ε
2∆V (x) + ε2η
(
1 + α
)d+ α− 1
2
|x|α−1 ≥ − 12C0ε2|x|β−1 + ε2η
(
1 + α
)d+ α− 1
2
|x|α−1
≥ ε2|x|α−1
(
− 12C0ε
2(β−α)
1+β +
(β−α)2
2 + η
(
1 + α
)d+ α− 1
2
)
.
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For a given ε, we can choose η := η(A, ε) such that the right-hand side is non-negative. Obviously we can
choose η as small as we want by choosing ε as small as needed. Similarly, we can assume that the function
x 7→ V (x) + 12η|x|1+α is non-negative on the ball of center 0 and of radius ε
2
1+β+
β−α
2 .
Conclusion. By combining the three cases, we get that (2.15) is satisfied almost everywhere on the region
{x : |x| ∈ [ 12ε
2
1+α r?, ε
2
1+β+
β−α
2 ]}. Since (Xεt )t≥0 does not see sets of zero measure, we can duplicate the proof
of Lemma 2.7 to conclude.
3. Close to zero
The first part of our analysis is devoted to the study of the process (Xεt )t≥0 when (V
ε
t )t≥0 is less than v0ε
2
for some v0 > 0. Basically, we show that, as long as the potential (or more precisely the perturbation of the
potential as we considered in the previous section) remains less than v0ε
2, the diffusion process behaves like
(εBt)t≥0. This fact reads as a rewriting of the transition property exhibited in the one-dimensional setting
in [10]. In particular, it permits to prove next that, in infinitesimal time, the potential reaches values of
order ε2.
Using the same notations as in Lemmas 2.7 and 2.8, we introduce the following three stopping times (for
a given value of δ > 0):
τε(v0) = inf
{
t ≥ 0 : V εt ≥ v0ε2
}
,
νε(v0) = inf
{
t ≥ 0 : V εt + η
(
Rεt
)1+α ≥ v0ε2}, νε,′(v0) = inf{t ≥ 0 : V εt + ηε(Rεt)1+α ≥ v0ε2}. (3.1)
In the second line, η is chosen as in the statement of Lemma 2.7. In the third line, ηε is chosen as in the
statement of Lemma 2.8.
3.1. BMO martingale
In order to prove that Xε behaves like (εBt)t≥0 (as long as the perturbed potential remains small enough),
we shall use Girsanov’s theorem. Of course, the difficulty is that, the diffusion coefficient getting smaller
and smaller with ε, it becomes more and more difficulty to bound (from above and from below) the density
of the law of Xε with respect to the law of εB. This is precisely where the assumption that the potential
remains small comes in: We manage to control the BMO norm (see below for the definition) of the martingale
entering the Girsanov density in terms of the sole (perturbed) potential.
In this regard, we recall that a martingale (
∫ t
0
Zs · dBs)t≥0 is said to be BMO if there exists a constant
K ≥ 0 such that, for any stopping time σ, it holds with probability 1:
E
[∫ ∞
σ
|Zs|2ds
∣∣Fσ] ≤ K2.
The smallest constant K that achieves the above condition is called the BMO norm of (
∫ t
0
Zs · dBs)t≥0. We
refer to the textbook [21] for an overview.
Lemma 3.1. Assume that, for any ε > 0, Xε0 = 0. Then, for any ε ∈ (0, ε?) (with the notation of Lemma
2.7), for any v0 > 0 and any T > 0, the martingale
(
ε−1
∫ νε(v0)∧κε∧T∧t
0
∇V εs · dBs
)
t≥0 has a BMO norm
less than
√
v0.
Proof. It suffices to observe that, from Lemma 2.7 (and with the same notations as therein), for any t ≥ 0
and for any stopping time σ, on the event {σ < T ∧ νε(v0) ∧ κε},
E
[(
V εT∧νε(v0)∧κε + η
(
RεT∧νε(v0)∧κε
)1+α)
|Fσ
]
≥ E
[∫ T∧νε(v0)∧κε
σ∧T∧νε(v0)∧κε
|∇V εs |2ds | Fσ
]
,
which completes the proof, since the right-hand side is less than v0ε
2. Above, we used a value of η such that
the process (V εt∧κε + η(R
ε
t∧κε)
1+α)t≥0 is non-negative.
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In a similar manner, we have the following statement:
Lemma 3.2. For a given r0 ≥ r?, with r? as in the statement of Lemma 2.8, assume that, for any ε > 0,
the starting point Xε0 of the diffusion process is located at distance R
ε
0 = ε
2/(1+α)r0 from the origin.
Then, with the same notations as in the statement of Lemma 2.8, for any ε ∈ (0, ε?), for any v0 > 0 and
any T > 0, the martingale
(
ε−1
∫ νε,′(v0)∧κε,′∧T∧t
0
∇V εs · dBs
)
t≥0 has a BMO norm less than
√
2v0.
3.2. Change of measure
For a fixed time T > 0, an intensity ε > 0 and a stopping time σ with values in [0, T ], define the probability
measure Qε,σ by:
dQε,σ
dP
|Ft = exp
(
−ε−1
∫ t∧σ
0
∇V εs · dBs −
1
2
ε−2
∫ t∧σ
0
|∇V εs |2ds
)
, t ≥ 0.
By the BMO property proved right above, we obtain the following lemma:
Lemma 3.3. Take a collection of stopping times (σε)ε>0 such the collection of BMO norms of the martin-
gales
(
ε−1
∫ t∧σε
0
∇V εs · dBs
)
t≥0 is bounded by a constant K. Then, there exist two positive constants λ(K)
and Λ(K) and two exponents p(K) > 1 and q(K) > 0, all of them only depending on K, such that:
∀ε > 0, E
[(dQε,σε
dP
)p(K)]
≤ λ(K) and E
[( dP
dQε,σε
)q(K)]
≤ Λ(K). (3.2)
In particular, if, for any ε > 0, σε is a stopping time with respect to the filtration generated by Xε and,
hence, can be put in the form Sε(Xε), then, for any Borel subset A ⊂ C([0, T ];Rd),
λ(K)
− 1p(K)−1P
(
(Xε0 + εBt∧Sε(Xε0+εB))0≤t≤T ∈ A
) p(K)
p(K)−1
≤ P
(
(Xεt∧σε)0≤t≤T ∈ A
)
≤ Λ(K)
1
1+q(K)P
(
(Xε0 + Bt∧Sε(Xε0+εB))0≤t≤T ∈ A
) q(K)
q(K)+1
.
(3.3)
Proof. The first part of the statement, i.e. (3.2), is a direct consequence of the theory of BMO martingales,
see [21, Chapter 3, Theorems 3.1 and 3.3].
We turn to the second part of the proof. By Girsanov’s theorem, the law of (Xεt∧σε)0≤t≤T under Qε,σ
ε
is
the same as the law of (Xε0 + εBt∧Sε(Xε0+εB))0≤t≤T under P. Hence, for any A as in the statement,
P
((
Xε0 + εBt∧Sε(Xε0+εB)
)
0≤t≤T ∈ A
)
= Qε,σ
ε
((
Xεt∧σε
)
0≤t≤T ∈ A
)
= E
[dQε,σε
dP
1A
(
(Xt∧σε)0≤t≤T
)] ≤ λ(K) 1p(K)P((Xεt∧σε)0≤t≤T ∈ A)p(K)−1p(K) .
Similarly,
P
((
Xεt∧σε)0≤t≤T ∈ A
)
= EQ
ε,σε
[ dP
dQε,σε
1A
((
Xεt∧σε
)
0≤t≤T
)]
≤ EQε,σ
ε [( dP
dQε,σε
)1+q(K)] 11+q(K)P((Xε0 + εBt∧Sε(Xε0+εB))0≤t≤T ∈ A) q(K)q(K)+1
≤ Λ(K)
1
1+q(K)P
((
Xε0 + εBt∧σε(Xε0+εB)
)
0≤t≤T ∈ A
) q(K)
q(K)+1
.
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3.3. Reaching a sufficiently high radius
As we already explained, our goal in this section is to show that the potential reaches any level of order ε2
in infinitesimal time. To do so, we proceed in two steps: The first one is to prove that the radius reaches any
level of order ε
2
1+α and the second one is to prove that, restarting from a radius of order ε
2
1+α , the particle
can reach a potential of order ε2.
This subsection is dedicated to the first part of the proof. We show that the particle can indeed reach a
radius of order ε2 in infinitesimal time:
Lemma 3.4. Assume that, for any ε > 0, Xε0 = 0. For any r0 > 0, we have:
lim inf
A↗∞
lim inf
ε↘0
P
(
sup
0≤t≤Aε2(1−α)/(1+α)
|Xεt | ≥ r0ε
2
1+α
)
= 1.
Proof. The proof is based on the perturbed potential introduced in the statement of Lemma 2.7. Indeed, we
observe that, for η as therein,
V εt + η
(
Rεt
)1+α ≤ (C0 + η)(Rεt)1+α.
In particular, if the left-hand side is greater than v0ε
2 for some v0 > 0, then(
Rεt
)1+α ≥ v0
C0 + η
ε2.
Moreover, by definition of κε and the bound (2.14), if κε ≤ tAε := Aε
2(1−α)
1+α , then
sup
0≤t≤tAε
Rεt ≥ ε
2
1+β+
β−α
2 > r0ε
2
1+α
for ε sufficiently small. Hence, in order to prove the statement, it suffices to prove that (with the same
notation as in (3.1)):
lim inf
A↗∞
lim inf
ε↘0
P
(
νε(v0) ≤ tAε or κε ≤ tεA
)
= 1,
with v0 =
(
C0 + η
)
r1+α0 . Obviously, it suffices to prove
lim sup
A↗∞
lim sup
ε↘0
P
(
νε(v0) > t
A
ε , κ
ε > tAε
)
= 0,
that is, by definition of κε,
lim sup
A↗∞
lim sup
ε↘0
P
(
νε(v0) > t
A
ε , sup
0≤t≤tAε
Rεt < ε
2
1+β+
β−α
2
)
= 0.
Therefore, by Lemmas 3.1 and 3.3 with σε = νε(v0) ∧ κε ∧ T and T = 1, we just need to prove that
lim sup
A↗∞
lim sup
ε↘0
P
(
∀t ≤ tAε , V (εBt) + η|εBt|1+α < v0ε2, sup
0≤t≤tAε
|εBεt | < ε
2
1+β+
β−α
2
)
= 0.
Notice that a crucial fact to pass from the law of Xε to the law of εB is the fact that, for tAε ≤ 1 (which
is true when ε is small enough with respect to A), the BMO norm of ε−1
(∫ t∧tAε ∧νε(v0)∧κε
0
∇V εs · dBs
)
t≥0 is
controlled independently of A and ε.
Since V (x) + (η/2)|x|2 is non-negative on the ball of center 0 and radius 1, it is sufficient to prove that
lim sup
A↗∞
lim sup
ε↘0
P
(
∀t ≤ tAε , |εBt|1+α < 2η−1v0ε2
)
= 0,
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Using the fact that (Bt)t≥0 has the same law as
(
A
1
2 ε
1−α
1+αBA−1ε−2(1−α)/(1+α)t
)
t≥0, we have:
P
(
∀t ≤ tAε , |εBt|1+α ≤ 2η−1v0ε2
)
= P
(
∀t ≤ 1, |Bt|1+α ≤ 2η−1v0A−
1+α
2
)
.
Obviously, the right hand side tends to 1 as A tends to ∞.
3.4. Reaching a sufficiently high potential
Now that the particle is known to reach ε2/(1+α)r0 in infinitesimal time, we can prove the announced result:
Proposition 3.5. Assume that, for any ε > 0, Xε0 = 0. Then, for any v0 > 0,
lim inf
A↗∞
lim inf
ε↘0
P
(
sup
0≤t≤Aε2(1−α)/(1+α)
V εt ≥ v0ε2
)
= 1. (3.4)
In particular, for any collection (Aε)ε>0 that converges to ∞ as ε tends to 0, we have:
lim inf
ε↘0
P
(
sup
0≤t≤Aεε2(1−α)/(1+α)
V εt ≥ v0ε2
)
= 1. (3.5)
The proof is split in several steps. Most of the difficulty is to show the following lemma:
Lemma 3.6. For any v0 > 0, there exists a collection (λS , AS)S>0 such that limS↗∞ λS = limS↗∞AS =∞
and
lim inf
S↗∞
lim inf
ε↘0
P
(
sup
0≤t≤ASε2(1−α)/(1+α)
V εt ≥ v0ε2
∣∣Rε0 = ε 21+αλSr?) = 1, (3.6)
where we used the notation P(· |Rε0 = ε
2
1+αλSr?) to indicate the fact that the initial condition is forced to
satisfy Rε0 = ε
2
1+αλSr?, with r? as in the statements of Lemmas 2.8 and 3.2.
Taking Lemma 3.6 for granted for a while, we prove:
Proof of Proposition 3.5. First step. We first check that (3.4) implies (3.5). Indeed, if (3.4) is true, then, for
any pi > 0, we have, for some A(pi) > 0,
lim inf
ε↘0
P
(
sup
0≤t≤A(pi)ε2(1−α)/(1+α)
V εt ≥ v0ε2
)
≥ 1− pi.
Hence, we can find ε(pi) > 0 such that, for ε ∈ (0, ε(pi)),
P
(
sup
0≤t≤A(pi)ε2(1−α)/(1+α)
V εt ≥ v0ε2
)
≥ 1− 2pi.
Modifying ε(pi) if necessary, we can assume that Aε > A(pi) for ε ∈ (0, ε(pi)) (with Aε as in (3.5)). This
proves that, for ε ∈ (0, ε(pi)),
P
(
sup
0≤t≤Aεε2(1−α)/(1+α)
V εt ≥ v0ε2
)
≥ 1− 2pi,
which is (3.5).
Second step. We now prove (3.4). We make use of (3.6). For a given pi > 0, we can find A(pi) > 0 and
λ(pi) > 0 such that
lim inf
ε↘0
P
(
sup
0≤t≤A(pi)ε2(1−α)/(1+α)
V εt ≥ v0ε2 |Rε0 = λ(pi)r?ε
2
1+α
)
≥ 1− pi. (3.7)
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We now invoke Lemma 3.4 with r0 = λ(pi)r? therein. It says that there exists A
′(pi) > 0 such that,
whenever Xε0 = 0 for all ε > 0,
lim inf
ε↘0
P
(
sup
0≤t≤A′(pi)ε2(1−α)/(1+α)
|Xεt | ≥ λ(pi)r?ε
2
1+α
)
≥ 1− pi. (3.8)
Combining (3.7) and (3.8) together with Markov property, we deduce that, under the prescription that
Xε0 = 0 for all ε > 0,
lim inf
ε↘0
P
(
sup
0≤t≤(A(pi)+A′(pi))ε2(1−α)/(1+α)
V εt ≥ v0ε2
)
≥ (1− pi)2.
Therefore, for any A > A(pi) +A′(pi),
lim inf
ε↘0
P
(
sup
0≤t≤Aε2(1−α)/(1+α)
V εt ≥ v0ε2
)
≥ (1− pi)2.
In particular, for any pi > 0,
lim inf
A↗∞
lim inf
ε↘0
P
(
sup
0≤t≤Aε2(1−α)/(1+α)
V εt ≥ v0ε2
)
≥ (1− pi)2,
under the initial condition Xε0 = 0, for all ε > 0. The conclusion easily follows by sending pi to 0.
Proof of Lemma 3.6. First step. We consider the event
{
sup0≤t≤Aε2(1−α)/(1+α) V
ε
t ≥ v0ε2
}
, with the con-
straint that Rε0 = λr?ε
2
1+α , for some λ ≥ 2. We recall that there exists a cone C such that g is above c0 on C.
In particular, if x ∈ C and V (x) + ηε|x|1+α ≥ 2v0ε2, for ε small enough such that ηε < c0, with ηε as in the
statement of Lemma 2.8, then V (x) ≥ v0ε2. As a consequence, the above event contains the following one:{
∃t ≤ tAε : V εt + ηε
(
Rεt
)1+α ≥ 2v0ε2, Xεt ∈ C} ∩ { inf
s≤tAε
Rεs ≥ r?ε
2
1+α
}
∩
{
sup
s≤tAε
Rεs ≤ ε
2
1+β+
β−α
2
}
,
where we recall the notation tAε = Aε
2(1−α)
(1+α) . Therefore Lemmas 3.2 and 3.3 with σε = νε,′(2v0) ∧ κε,′ and
T = 1 say that, in order to prove
lim sup
(A,λ)↗(∞,∞)
lim inf
ε↘0
P
(
sup
0≤t≤tAε
V εt ≥ v0ε2
)
= 1,
it is sufficient to prove that lim sup(A,λ)↗(∞,∞) lim infε↘0 p
ε,A,λ = 1, with
pε,A,λ := P
({
∃t ≤ tAε : V
(
Xε0 + εBt
)
+ ηε
∣∣Xε0 + εBt∣∣1+α ≥ 2v0ε2, Xε0 + εBt ∈ C}
∩
{
inf
s≤tAε
∣∣Xε0 + εBs∣∣ ≥ r?ε 21+α} ∩ { sup
s≤tAε
∣∣Xε0 + εBs∣∣ ≤ ε 21+β+β−α2 }),
where Rε0 = λr?ε
2
1+α (and λ ≥ 2). Notice that, as in the proof of Lemma 3.4, a crucial fact to pass from
the law of Xε to the law of Xε0 + εB is the fact that, for t
A
ε ≤ 1 (which is true when ε is small enough with
respect to A), the BMO norm of ε−1
(∫ t∧κε,′∧tAε ∧νε,′(2v0)
0
∇V εs · dBs
)
t≥0 is controlled independently of A, ε
and λ.
Second step. We first aim at lower bounding the probability pε,A,λ. To do so, we use again the fact that
g is greater than c0 in the cone C. Hence, whenever Xε0 + εBt ∈ C, V
(
Xε0 + εBt
) ≥ c0∣∣Xε0 + εBt∣∣1+α. In
particular, it suffices to lower bound the probability
P
(
∃t ≤ tAε : Xε0 + εBt ∈ C, inf
s≤tAε
∣∣Xε0 + εBs∣∣ ≥ λ0r?ε 21+α , sup
s≤tAε
∣∣Xε0 + εBs∣∣ ≤ ε 21+β+β−α2 ),
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with λ0 = max
(
1, 1r?
(
2v0
c0
) 1
1+α
)
. Hence,
pε,A,λ ≥ P
(
∃t ∈ [0, tAε ] : Xε0 + εBt ∈ C
)
− P
(
inf
s≤tAε
|Xε0 + εBs| < λ0r?ε
2
1+α
)
− P
(
sup
s≤tAε
|Xε0 + εBs| > ε
2
1+β+
β−α
2
)
.
(3.9)
Third step. Now, using the fact that Xε0 is independent of (Bt)t≥0 and that (Bt)t≥0 has the same law as
((tAε )
1/2B(tAε )−1t)t≥0, we have
P
(
∃t ∈ [0, tAε ] : Xε0 + εBt ∈ C
)
= P
(
∃t ∈ [0, 1] : Xε0 +A1/2ε
2
1+αBt ∈ C
)
= P
(
∃t ∈ [0, 1] : λA−1/2X˜ε0 +Bt ∈ C
)
,
where we have let X˜ε0 := λ
−1ε−
2
1+αXε0 (recalling that |Xε0 | = λr?ε
2
1+α ).
Using the invariance in law of B by rotation, we get
P
(
∃t ∈ [0, tAε ] : Xε0 + εBt ∈ C
)
≥ inf
|u|=r?
P
(
∃t ∈ [0, 1] : λA−1/2u+Bt ∈ C
)
= inf
|u|=r?
P
(
∃t ∈ [0, 1] : λA−1/2e+Bt ∈ Cu
)
,
where Cu is a new cone obtained by rotating C by a rotation that permits to pass from u to e where e is
a fixed vector such that |e| = r? (the rotation matrix can be constructed in a canonical way by a Gram
Schmidt procedure). Since all the (Cu)|u|=r? are isometric, we can find a finite covering of Rd by closed cones
(C0,i)i=1,··· ,N with 0 as common vertex such that each Cu contains at least one C0,i. Hence,
P
(
∃t ∈ [0, tAε ] : Xε0 + εBt ∈ C
)
≥ inf
i=1,··· ,N
P
(
∃t ∈ [0, 1] : λA−1/2e+Bt ∈ C0,i
)
≥ inf
i=1,··· ,N
P
(
∃t ∈ [0, 1] : λA−1/2e+Bt ∈
◦
C0,i
)
,
where
◦
C0,i is the interior of C0,i.
For a given i ∈ {1, · · · , N}, the set of continuous functions f : [0, 1]→ Rd such that there exists t ∈ [0, 1]
for which ft ∈
◦
C0,i is open for the uniform topology on [0, 1]. Hence, by the Portemanteau theorem,
lim inf
λA−1/2↘0
P
(
∃t ∈ [0, 1] : λA−1/2e+Bt ∈
◦
C0,i
)
≥ P
(
∃t ∈ [0, 1] : Bt ∈
◦
C0,i
)
= 1.
To derive the second equality, we used the fact that, for any a > 0,
P
(∃t ∈ [0, 1] : Bt ∈ ◦C0,i) = P(∃t ∈ [0, a] : Bt ∈ ◦C0,i) = P( ⋂
a′>0
{∃t ∈ [0, a′] : Bt ∈
◦
C0,i}
)
.
By Blumenthal’s zero-one law, the last term (hence the first term as well) is equal to 0 or 1. Since it is
obviously non-zero, we deduce that it is equal to 1. We deduce that
lim inf
λA−1/2↘0
lim inf
ε↘0
P
(
∃t ∈ [0, tAε ] : Xε0 + εBt ∈ C
)
= 1.
Fourth step. We now have a look at the second term in the right-hand side of (3.9). By a new scaling
argument, we get:
P
(
inf
0≤t≤tAε
|Xε0 + εBt| < λ0r?ε
2
1+α
)
= P
(
inf
0≤t≤λ−2A
|X˜ε0 +Bt| < λ0λ−1r?
)
.
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By a rotation argument (using the fact that X˜ε0 and (Bt)t≥0 are independent together with the identity
|X˜ε0 | = r?),
P
(
inf
0≤t≤tAε
|Xε0 + εBt| < λ0r?ε
2
1+α
)
≤ P
(
inf
0≤t≤λ−2A
|r?e+Bt| < λ0λ−1r?
)
where e is an arbitrary unit vector. Observe that, for a fixed S > 0,
lim
λ↗∞
P
(
inf
0≤t≤S
|r?e+Bt|1+α < λ0λ−1r?
)
= 0.
Hence, we can find a collection (λS)S>0, with limS↗∞ λS =∞ such that
lim
S↗∞
P
(
inf
0≤t≤S
|r?e+Bt|1+α < λ0λ−1S r?
)
= 0.
So, letting AS = Sλ
2
S , we get
lim
S↗∞
P
(
inf
0≤t≤tASε
|Xε0 + εBt| < λ0r?ε
2
1+α
∣∣∣Rε0 = ε 21+αλSr?) = 0.
Fifth step. We now have a look at the last term in the right-hand side of (3.9). As in the previous step,
we have:
P
(
sup
0≤t≤tAε
∣∣Xε0 + εBt∣∣ > ε 21+β+ β−α2 ) = P( sup
0≤t≤λ−2A
∣∣r?e+Bt∣∣ > λ−1ε 21+β+β−α2 ε− 21+α).
By formula (2.14), ε
2
1+β+
β−α
2 ε−
2
1+α tends to ∞ as ε tends to 0, hence the above probability tends to 0. This
shows that
lim inf
λA−1/2↘0
lim inf
ε↘0
P
(
sup
0≤t≤tAε
∣∣Xε0 + εBt∣∣ > ε 21+β+ β−α2 ) = 0.
Conclusion. Collecting all the five steps and choosing the pair (A, λ) in the third and fifth steps as
(A, λ) = (Sλ2S , λS), for S large, we complete the proof.
4. Hitting points of the level sets
The conclusion of the previous section is that the particle hits in small time the level sets of the potential
of order ε2. We now prove that the law of the hitting point of the level set {V ≥ ε2v0} is asymptotically
supported by the region where g is positive, which is in fact well-understood: Given a value of the potential,
the larger g, the closer the point to the origin.
Here is the precise statement:
Proposition 4.1. Assume that, for any ε > 0, Xε0 = 0. Then, for a given v0 > 0 and with the same
notations as in (3.1),
lim inf
µ↘0
lim inf
ε↘0
P
(
g(Xετε(v0)) > µ
)
= 1.
Proof. First step. We start with the following remark. If we assume
g
(
Xτε(v0)
) ≤ µ, (4.1)
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then,
ε2v0 ≤ µ
(
Rετε(v0)
)1+α
, and thus Rετε(v0) ≥ r0ε
2
1+α , (4.2)
with
r0 =
(v0
µ
) 1
1+α . (4.3)
We also have, for any η > 0 and any t ∈ [0, τε(v0)],
V εt + η
(
Rεt
)1+α ≤ ε2v0 + η(Rεt)1+α.
In particular, if the left-hand side is greater than 2ε2v0, then
(
Rεt
)1+α ≥ ε2v0/η.
With the same notations as in (3.1), choose now η = ηε from Lemma 2.8, with ε small enough to have
ηε < µ. Then, with the same notation for r0 as above, we also have
Rεt ≥ r0ε
2
1+α , (4.4)
We deduce from (4.2) and (4.4) that, under (4.1), at time τε(v0) ∧ νε,′(2v0),
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α .
Here, the key fact is that we can choose µ(v0) > 0 such that, for µ ≤ µ(v0) and ε such that ηε < µ, r0 ≥ 2r?,
with r? as in the statement of Lemma 2.8.
Second step. Another point is that, by Proposition 3.5, for a given pi > 0, we can choose A > 0 such that
lim inf
ε↘0
P
(
τε(v0) ≤ tAε
) ≥ 1− pi, (4.5)
where we recall that tAε = Aε
2(1−α)
1+α . Combined with the conclusion of the first step, this leads to
P
(
g
(
Xτε(v0)
) ≤ µ) ≤ P(g(Xτε(v0)) ≤ µ, τε(v0) ∧ νε,′(2v0) ≤ tAε )+ P(τε(v0) ∧ νε,′(2v0) > tAε )
≤ P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ≤ tAε
)
+ P
(
τε(v0) > t
A
ε
)
,
where r0 ≥ 2r?, for µ ≤ µ(v0) and ηε < µ. Therefore,
lim sup
ε↘0
P
(
g
(
Xτε(v0)
) ≤ µ) ≤ lim sup
ε↘0
P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ∧ νε,′(2v0) ≤ tAε
)
+ pi. (4.6)
Third step. For r0 as in the previous step, we aim at upper bounding
lim sup
ε↘0
P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ∧ νε,′(2v0) ≤ tAε
)
.
Here Xε0 = 0. Since r0 > 2r?, we deduce from Markov property that the above term is less than
lim sup
ε↘0
P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ∧ νε,′(2v0) ≤ tAε
∣∣Rε0 = 12 (r0 + r?)ε 21+α).
Notice indeed that, on the event {Rετε(v0)∧νε,′(2v0) ≥ r0ε2/(1+α), τε(v0) ≤ tAε }, the first time when Rε hits
1
2 (r0 + r?)ε
2/(1+α) is strictly less than τε(v0) ∧ νε,′(2v0).
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Hence, with the prescription that Rε0 =
1
2 (r0 + r?)ε
2/(1+α) for all ε > 0, we use the same strategy as in
the proof of Lemma 3.6.
lim sup
ε↘0
P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ∧ νε,′(2v0) ≤ tAε
)
≤ lim sup
ε↘0
P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ∧ νε,′(2v0) ≤ tAε , inf
0≤t≤τε(v0)∧νε,′(2v0)
Rεt ≥ r?ε
2
1+α ,
sup
0≤t≤tAε
Rεt ≤ ε
2
1+β+
β−α
2
)
+ lim sup
ε↘0
P
(
inf
0≤t≤tAε ∧τε(v0)∧νε,′(2v0)
Rεt < r?ε
2
1+α , sup
0≤t≤tAε
Rεt ≤ ε
2
1+β+
β−α
2
)
(4.7)
+ lim sup
ε↘0
P
(
sup
0≤t≤tAε
Rεt > ε
2
1+β+
β−α
2
)
.
As for the last term in the right-hand side, we use the equation for Xε and Assumption (A2) and get:
sup
0≤t≤tAε
Rεt ≤
1
2
(r0 + r?)ε
2
1+α + C0
∫ tAε
0
(Rεs)
αds+ ε sup
0≤t≤tAε
|Bt|
≤ 1
2
(r0 + r?)ε
2
1+α +
1
2
sup
0≤t≤tAε
Rεt +
(
2αC0
) 1
1−α (tAε ) 11−α + ε sup
0≤t≤tAε
|Bt|.
Therefore, we have
E
[
sup
0≤t≤tAε
Rεt
]
≤ (r0 + r? + (2C0A) 11−α )ε 21+α + 4εE[B2tAε ]1/2 ≤ (r0 + r? + 2(2C0A) 11−α + 4A 12 )ε 21+α .
Applying Markov inequality and recalling that ε
2
1+α = o
(
ε
2
1+β+
β−α
2
)
by formula (2.14), we get that, for A
fixed,
lim sup
ε↘0
P
(
sup
0≤t≤tAε
Rεt > ε
2
1+β+
β−α
2
)
= 0. (4.8)
As for the second term in the right-hand side of (4.7), we can invoke Lemmas 3.2 and 3.3 with σε =
νε,′(2v0) ∧ κε,′ and T = 1. We deduce that there exists a constant C (only depending on v0) such that
lim sup
ε↘0
P
(
inf
0≤t≤tAε ∧τε(v0)∧νε,′(2v0)
Rεt < r?ε
2
1+α , sup
0≤t≤tAε
Rεt ≤ ε
2
1+β+
β−α
2
)
≤ C lim sup
ε↘0
P
(
inf
0≤t≤tAε
∣∣Xε0 + εBt∣∣ < r?ε 21+α),
with |Xε0 | = [(r0 + r?)/2]ε
2
1+α .
Following the fourth step in the proof of Lemma 3.6, we claim (at least for r0 > 2):
P
(
inf
0≤t≤tAε
|Xε0 + εBt| < r?ε
2
1+α
)
≤ P
(
inf
0≤t≤A
∣∣ 2
r0+r?
ε
− 21+αXε0 +Bt
∣∣ < 2r0+r? r?)
= P
(
inf
0≤t≤A
|e+Bt| < 2r0+r? r?
)
,
where e an arbitrary unit vector. When µ in (4.1) tends to 0, r0 in (4.3) (and in the prescription R
ε
0 =
1
2 (r0 + r?)ε
2/(1+α)) tends to ∞ and the right hand side tends to 0. We deduce
lim sup
µ↘0
lim sup
ε↘0
P
(
inf
0≤t≤tAε ∧τε(v0)∧νε,′(2v0)
Rεt < r?ε
2
1+α , sup
0≤t≤tAε
Rεt ≤ ε
2
1+β+
β−α
2
)
= 0. (4.9)
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By a similar argument, the first term in the right-hand side of (4.7) satisfies:
lim sup
ε↘0
P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ∧ νε,′(2v0) ≤ tAε , inf
0≤t≤τε(v0)∧νε,′(2v0)
Rεt ≥ r?ε
2
1+α ,
sup
0≤t≤tAε
Rεt ≤ ε
2
1+β+
β−α
2
)
≤ C lim sup
ε↘0
P
(
sup
0≤t≤tAε
∣∣Xε0 + εBt∣∣ ≥ r0ε 21+α)
≤ C lim sup
ε↘0
P
(
sup
0≤t≤tAε
∣∣εBt∣∣ ≥ r0−r?2 ε 21+α) = CP( sup
0≤t≤A
|Bt| ≥ r0−r?2
)
,
and the last term in the right-hand side tends to 0 as µ tends to 0.
We deduce
lim sup
µ↘0
lim sup
ε↘0
P
(
Rετε(v0)∧νε,′(2v0) ≥ r0ε
2
1+α , τε(v0) ≤ tAε , inf
0≤t≤τε(v0)
Rεt ≥ r?ε
2
1+α ,
sup
0≤t≤tAε
Rεt ≤ ε
2
1+β+
β−α
2
)
= 0.
(4.10)
Conclusion. Collecting (4.6), (4.7), (4.8), (4.9) and (4.10) and inserting in the conclusion of the second
step, we deduce
lim sup
µ↘0
lim sup
ε↘0
P
(
g
(
Xτε(v0)
) ≤ µ) ≤ pi.
Since pi is arbitrary, this completes the proof.
5. Escaping from zero: Proof of Theorem 2.5
The goal of this section is to prove that the particle does leave the origin and that it does so by staying
with high probability within the region where g is positive. Throughout, we assume that Assumption A is
in force.
5.1. Lower bound for the potential
The first step is to get a lower bound for the potential in terms of the radius, which is the precise purpose
of this section. In order to state the result properly, we introduce the new notations:
gεt := g(X
ε
t ), t ≥ 0,
γε := inf
{
t ≥ 0 : gεt = 0
}
; ξε := inf
{
t ≥ 0 : V εt ≤
V ε0
2
}
, ; Ξε := inf
{
t ≥ 0 : V εt ≥ 1
}
.
(5.1)
We start with the following statement:
Lemma 5.1. Consider a collection of initial conditions (Xε0)ε>0 such that, for some v0 > 0 and some ε > 0,
V ε0 ≥ v0ε2, gε0 > 0.
Then, there exists v? := v?(A) such that, for v0 ≥ v?(A),
P
(
∃t ∈ (0, γε] : V εt ≤
V ε0
2
)
≤ exp(−v0
2
)
.
In particular,
P
(
γε <∞) ≤ exp(−v0
2
)
, and P
(
∀t > 0, V εt ≥
V ε0
2
, gεt > 0
)
≥ 1− exp(−v0
2
)
.
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Proof. Recalling that there exists a constant C := C(A) such that V εt ≤ C
(
Rεt
)1+α
, t ≥ 0, we deduce that,
for t ∈ [0, ξε],
Rεt ≥
( v0
2C
) 1
1+α ε
2
1+α .
In particular, for v0 ≥ v? := v?(A), we can follow the second case in the proof of Lemma 2.8 (note that,
thanks to γε, we only need to work on the region g > 0, in particular we do not need the additional term
ηε(R
ε
t )
1+α). Combined with the first half of the same proof, we deduce that, for v0 ≥ v?, for t ∈ [0, ξε ∧ γε],
V εt ≥ V ε0 +
∫ t
0
7
8
|∇V εs |2ds+ ε
∫ t
0
∇V εs · dBs. (5.2)
So,
ε−2
(
V εt −
V ε0
2
)
≥ v0
2
+
1
2
ε−2
∫ t
0
|∇V εs |2ds+ ε−1
∫ t
0
∇V εs · dBs.
Therefore, for any t > 0,
P
(
ξε ≤ t ∧ γε
)
≤ P
(
sup
s∈[0,t∧γε]
exp
(
−ε−1
∫ s
0
∇V εr · dBr −
1
2
ε−2
∫ s
0
|∇V εr |2dr
)
≥ exp(v0
2
)) ≤ exp(−v0
2
)
,
where we used Doob’s inequality for the Dole´ans-Dade martingale of (−ε−1 ∫ s
0
∇V εr ·dBr)s≥0. Letting t tend
to ∞, we deduce that
P
(
ξε ≤ γε) ≤ exp(−v0
2
)
,
which completes the first part of the proof.
The second part of the proof is to observe that, on the event {∀t ∈ (0, γε], V εt ≥ 12V ε0 }, the stopping time
γε is infinite. If not, we have 0 = V εγε ≥ 12V ε0 > 0, which is a contradiction. The last two assertions easily
follow.
We now provide another lower bound for the potential in terms of the radius.
Proposition 5.2. Consider a sequence of initial positions (Xε0)ε>0 such that, for some ϕ > 0, some v0 > 0
and some ε > 0,
V ε0 ≥ max
(
v0ε
2, ϕ
(
Rε0
)2)
, gε0 > 0.
Then, there exist v? := v?(A) > 0, ϕ? := ϕ?(A) > 0 and $ := $(A) > 0, such that, for v0 ≥ v? and
ϕ ≥ ϕ?,
P
(
∃t ∈ [0, 1] : V εt ≤ $(Rεt )2
)
≤ 2 exp(−v0
2
)
.
Proof. First step. We use the same notation as in (5.1). Then, we recall that, for v0 ≥ v?(A), for 0 < t <
ξε ∧ γε,
dV εt ≥
7
8
|∇V εt |2dt+ ε∇V εt · dBt.
(Here and below, we use the shorten notation dCt ≥ 0 for a non-decreasing process (Ct)t; the notation
dC1t ≥ dC2t is understood as d(C1t − C2t ) ≥ 0.) As for (Rε)2, we have
d(Rεt )
2 = 2∇V εt ·Xεt dt+ dε2dt+ 2εXεt · dBt,
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where the first d in the second term of the right-hand side denotes the dimension. We now use the fact that
2∇V εt ·Xεt ≤ 2|∇V εt |Rεt ≤ |∇V εt |2 + (Rεt )2.
Therefore,
d(Rεt )
2 ≤ |∇V εt |2dt+ (Rεt )2dt+ dε2dt+ 2εXεt · dBt,
and then
d
[
exp(−2t)(Rεt )2
]
≤ |∇V εt |2dt− exp(−2t)(Rεt )2dt+ dε2 exp(−2t)dt+ 2ε exp(−2t)Xεt · dBt.
Hence, for any $ > 0 and for 0 < t < ξε ∧ γε,
d
(
V εt −$ exp(−2t)(Rεt )2
) ≥ ( 78 −$)|∇V εt |2dt+$ exp(−2t)(Rεt )2dt− d$ε2 exp(−2t)dt
+ ε
(∇V εt − 2$ exp(−2t)Xεt ) · dBt.
We now recall that, for 0 < t < ξε ∧ γε,
|∇V εt |2 ≥ c0
(V εt )
2
(Rεt )
2
≥ c0v0ε
2
2
V εt
(Rεt )
2
,
from which we get
d
(
V εt −$ exp(−2t)(Rεt )2
)
≥ ( 78 − (1 + c−10 )$)|∇V εt |2dt+ $v02 ε2 V εt(Rεt )2 dt+$ exp(−2t)(Rεt )2dt− d$ε2 exp(−2t)dt
+ ε
(∇V εt − 2$ exp(−2t)Xεt ) · dBt
≥ ( 78 − (1 + c−10 )$)|∇V εt |2dt+ $v02 ε2V εt −$ exp(−2t)(Rεt )2(Rεt )2 dt+$ exp(−2t)(Rεt )2dt
+ ε2
(v0
2
$2 − d$) exp(−2t)dt+ ε(∇V εt − 2$ exp(−2t)Xεt ) · dBt.
Therefore, letting
Πεt := exp
(
−
∫ t
0
ε2
$v0
2(Rεs)
2
ds
)
,
we get, for 0 < t < ξε ∧ γε,
d
[
Πεt
(
V εt −$ exp(−2t)(Rεt )2
)]
≥ Πεt
(
7
8 − (1 + c−10 )$
)|∇V εt |2dt+ ε2Πεt(v02 $2 − d$) exp(−2t)dt+$ exp(−2t)Πεt (Rεt )2dt
+ εΠεt
(∇V εt − 2$ exp(−2t)Xεt ) · dBt.
Second step. We now let
Mεt :=
∫ t
0
Πεs
(∇V εs − 2$ exp(−2s)Xεs) · dBs.
Clearly,
1
2
d
dt
[Mε]t =
1
2
(
Πεt
)2∣∣∇V εt − 2$ exp(−2t)Xεt ∣∣2
= (Πεt )
2
(1
2
|∇V εt |2 + 2$2 exp(−4t)(Rεt )2 − 2$ exp(−2t)∇V εt ·Xεt
)
≤ (Πεt )2
(3
4
|∇V εt |2 + C$2 exp(−2t)(Rεt )2
)
≤ Πεt
(3
4
|∇V εt |2 + C$2 exp(−2t)(Rεt )2
)
,
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for a universal constant C > 0. To derive the last bound, we used the obvious fact that Πεt ≤ 1.
In the conclusion of the first step, choose now $ > 0 such that 78 − (1 + c−10 )$ > 34 and C$ ≤ 1, and
then v0 large enough such that
v0
2 $
2 − d$ ≥ 0 (in other words, $ := $(A) and v0 ≥ v?(A)) . We get, for
0 < t < ξε ∧ γε,
d
[
Πεt
(
V εt −$ exp(−2t)(Rεt )2
)]
≥ 1
2
d[Mε]t + εdM
ε
t .
In particular,
P
(
inf
t∈[0,ξε∧γε]
[
Πεt
(
V εt −$ exp(−2t)(Rεt )2
)]
≤ 0
)
≤ P
(
inf
t≥0
[
V ε0 −$(Rε0)2
ε2
+
1
2ε2
[Mε]t +
1
ε
Mεt
]
≤ 0
)
.
Third step. We now claim that
P
(
inf
t≥0
[
V ε0 −$(Rε0)2
ε2
+
1
2ε2
[Mε]t +
1
ε
Mεt
]
≤ 0
)
= P
(
sup
t≥0
(
− 1
2ε2
[Mε]t − 1
ε
Mεt
)
≥ V
ε
0 −$(Rε0)2
ε2
)
= P
(
sup
t≥0
[
exp
(
− 1
2ε2
[Mε]t − 1
ε
Mεt
)]
≥ exp
(V ε0 −$(Rε0)2
ε2
))
= P
(
sup
t≥0
[
exp
(
− 1
2ε2
[Mε]t − 1
ε
Mεt
)]
≥ exp(v0
2
))
,
where we used the fact that (recalling that ϕ is given in the statement)
V ε0 −$(Rε0)2 ≥ V ε0
(
1− ϕ−1$) ≥ ε2v0(1− ϕ−1$) ≥ 12ε2v0,
the last inequality being true for ϕ ≥ ϕ?(A). We conclude from Doob’s theorem that
P
(
inf
t≥0
[
V ε0 −$(Rε0)2
ε2
+
1
2ε2
[Mε]t +
1
ε
Mεt
]
≤ 0
)
≤ exp(−v0
2
)
.
Fourth step. Combining the second and third step, we have
P
(
inf
t∈[0,ξε∧γε]
[
Πεt
(
V εt −$ exp(−2t)(Rεt )2
)]
≤ 0
)
≤ exp(−v0
2
)
.
By Lemma 5.1, we deduce that
P
(
inf
t≥0
[
Πεt
(
V εt −$ exp(−2t)(Rεt )2
)]
≤ 0
)
≤ 2 exp(−v0
2
)
,
and then
P
(
∃t ∈ [0, 1] : V εt ≤ exp(−2)$(Rεt )2
)
≤ 2 exp(−v0
2
)
,
which completes the proof.
5.2. Escape rate of the potential
Here is the core of the proof of Theorem 2.5. We start with the following two technical lemmas on the shape
of the potential:
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Lemma 5.3. There exists a constant c := c(A) > 0 such that, for any x such that g(x) ≥ a0, with a0 as in
Assumption A,
|∇V (x)|2 ≥ cV (x)
2α
1+α .
Proof. We recall from (A3) that, for g(x) > 0, |∇V (x)|2 ≥ c20V (x)2/|x|2. Now, for g(x) ≥ a0, V (x) ≥
a0|x|1+α, that is |x|−2 ≥ a
2
1+α
0 V (x)
− 21+α , from which the proof is easily completed.
Lemma 5.4. For any w > 0, there exists a constant c := c(A, w) > 0, depending on w, such that, for any
x such that V (x) ≥ w|x|2 and g(x) ∈ (0, a0), with a0 and p as Assumption A,
|∇V (x)|2 ≥ cV (x)
2α
1+α+
(1−α)p
p+1 , and, if α < p, |∇V (x)|2 ≥ cV (x)
α+p
p+1 .
Proof. By assumption (A4), we know that, for g(x) ∈ (0, a0),
|∇V (x)|2 ≥ c20L(x)2p|x|2α, V (x) ≤ C0L(x)p+1|x|1+α.
Therefore, for a constant c := c(A) > 0,
|∇V (x)|2 ≥ c
( V (x)
|x|1+α
) 2p
p+1 |x|2α = cV (x)
2p
p+1 |x|2α−
2p(1+α)
p+1 = cV (x)
2p
p+1 |x|
2(α−p)
p+1 . (5.3)
Since V (x) ≤ a0|x|1+α, the first inequality above yields, for a new value of the constant c,
|∇V (x)|2 ≥ c
( V (x)
|x|1+α
) 2p
p+1
V (x)
2α
1+α .
Now, by assumption, |x| ≤ w−1/2V (x)1/2. Hence, allowing c to depend on w, we get
|∇V (x)|2 ≥ c
( V (x)
V (x)(1+α)/2
) 2p
p+1
V (x)
2α
1+α = cV (x)
(1−α)p
p+1 +
2α
1+α .
If α < p, we go back to the inequality (5.3) and use the fact that |x|−1 ≥ w1/2V (x)−1/2. We get
|∇V (x)|2 ≥ cV (x)
2p
p+1 |x|
2(α−p)
p+1 ≥ cw
p−α
p+1 V (x)
2p
p+1V (x)
α−p
p+1 = cw
p−α
p+1 V (x)
α+p
p+1 .
The proof is complete.
Combining the two previous lemmas, we get the following result:
Proposition 5.5. Recall the notations (5.1) and consider a sequence of initial positions (Xε0)ε>0 such that,
for some ϕ > 0, some v0 > 0 and some ε > 0,
V ε0 ≥ max
(
v0ε
2, ϕ
(
Rε0
)2)
, gε0 > 0.
Then, there exist v? := v?(A) > 0, ϕ? := ϕ?(A) > 0, ψ := ψ(α, p) ∈ (0, 1) such that, for v0 ≥ v? and
ϕ ≥ ϕ?, we can find c := c(A, ϕ) satisfying
P
(
∀t ∈ [0, 1 ∧ Ξε], V εt ≥
(
(1− ψ)ct
) 1
1−ψ
)
≥ 1− 4 exp(−v0
2
)
.
.
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Remark 5.6. Observe that the simple fact that V ε remains positive on the event appearing in the above
statement implies that
P
(
∀t ∈ [0, 1 ∧ Ξε], V εt ≥
(
(1− ψ)ct
) 1
1−ψ
, gεt > 0
)
≥ 1− 4 exp(−v0
2
)
,
Proof. First step. Following the statement of Proposition 5.2, we consider v? and ϕ? and then $ as therein.
Inspired by the proof of Proposition 5.2, we let
χε := inf
{
t ≥ 0 : V εt ≤ $2 (Rεt )2
}
∧ inf
{
t ≥ 0 : V εt ≥ 1
}
.
Recalling the definition of γε in (5.1), we deduce from Lemmas 5.3 and 5.4 that, for t ≤ γε ∧ χε,∣∣∇V εt ∣∣2 ≥ c(V εt )ψ, (5.4)
where c := c(A, $) and with
ψ :=
{
2α
1+α +
(1−α)p
p+1 <
2α
1+α +
1−α
2 =
1−α2+4α
2+2α ≤ 1 if α ∈ [p, 1)
max
{
2α
1+α ,
α+p
p+1
}
= α+pp+1 < 1 if α < p.
(Notice that we here used the crucial fact that, up to time χε, V ε remains less than 1.)
Second step. Also, recall from the proof of Proposition 5.2 that, for v0 ≥ v?(A), and for t ≤ γε ∧ ξε,
dV εt ≥
7
8
|∇V εt |2dt+ ε∇V εt · dBt.
So, for v0 large enough and for a new value of the constant c in (5.4), we deduce that, for t ≤ γε ∧ ξε ∧ χε,
dV εt ≥
(1
2
|∇V εt |2 + c(V εt )ψ
)
dt+ ε∇V εt · dBt.
In order to conclude, we let (following the proof of Proposition 5.2):
Nεt :=
∫ t
0
∇V εs · dBs.
On the event{
inf
t≥0
[
v0
2
+
1
ε
Nεt +
1
2ε2
[Nε]t
]
≥ 0
}
, (5.5)
we get, for t ≤ γε ∧ ξε ∧ χε,
V εt ≥
ε2v0
2
+
∫ t
0
c(V εs )
ψds.
We then compare V ε with the solution of the ODE y˙t = cy
ψ
t , y0 =
ε2v0
2 , whose solution is given by
yt =
(
y1−ψ0 + (1− ψ)ct
) 1
1−ψ
, t ≥ 0.
By a standard comparison argument, we get that, under the condition (5.5), for all t ≤ γε ∧ ξε ∧ χε,
V εt ≥
(
(1− ψ)ct
) 1
1−ψ
.
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In particular, under the condition (5.5), we must have ξε ∧ χε < γε. And so, the above inequality holds for
t ≤ ξε ∧ χε.
Third step. We know that
P
(
∃t ≥ 0 : v0
2
+
1
ε
Nεt +
1
2ε2
[Nε]t ≤ 0
)
= P
(
∃t ≥ 0 : −1
ε
Nεt −
1
2ε2
[Nε]t ≥ v0
2
)
≤ exp(−v0
2
)
.
and then, by the second step,
P
(
∀t ∈ [0, ξε ∧ χε], V εt ≥
(
(1− ψ)ct
) 1
1−ψ
)
≥ 1− exp(−v0
2
)
.
By Lemma 5.1 (recalling that v0 can be taken as large as needed),
P
(
∀t ∈ [0, χε], V εt ≥
(
(1− ψ)ct
) 1
1−ψ
)
≥ 1− 2 exp(−v0
2
)
.
Then, by Proposition 5.2 (choosing ϕ ≥ ϕ?(A) large enough),
P
(
∀t ∈ [0, 1 ∧ χε], V εt ≥
(
(1− ψ)ct
) 1
1−ψ
, V εt ≥ $(Rεt )2
)
≥ 1− 4 exp(−v0
2
)
.
On the above event, it holds 1 ∧ χε = 1 ∧ Ξε and so
P
(
∀t ∈ [0, 1 ∧ Ξε], V εt ≥
(
(1− ψ)ct
) 1
1−ψ
)
≥ 1− 4 exp(−v0
2
)
.
The proof is complete.
5.3. Conclusion
We now end up the proof of Theorem 2.5.
To do so, we consider v? > 0 and ϕ? > 0 as in the statement of Proposition 5.5. We then invoke
Propositions 3.5 and 4.1 for v0 ≥ v?. For (Aε := | ln(ε)|)ε>0, we let (tε := Aεε2(1−α)/(1+α))ε>0. We know
that
lim inf
ε↘0
P
(
τε(v0) ≤ tε
)
= 1,
with τε(v0) as in (3.1). Now, for a given pi > 0, we know that, for µ ≤ µ? := µ?(pi, v0),
lim inf
ε↘0
P
(
g(Xετε(v0)) ≥ µ
) ≥ 1− pi.
Hence,
lim inf
ε↘0
P
(
τε(v0) ≤ tε, g(Xετε(v0)) ≥ µ
) ≥ 1− pi.
Notice now that, on the event {τε(v0) ≤ tε, g(Xετε(v0)) ≥ µ},
ε2v0 = V
ε
τε(v0)
≥ µ(Rετε(v0))1+α.
In particular,
(
Rετε(v0)
)−1 ≥ ( µ
ε2v0
) 1
1+α
,
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so that
V ετε(v0) ≥ µ
(
Rετε(v0)
)α−1(
Rετε(v0)
)2 ≥ µ( µ
ε2v0
) 1−α
1+α (
Rετε(v0)
)2
.
Hence, for v0 ≥ v?, µ ≤ µ? and ϕ > 0,
lim inf
ε↘0
P
(
τε(v0) ≤ tε, g(Xετε(v0)) ≥ µ, V ετε(v0) ≥ ϕ
(
Rετε(v0)
)2) ≥ 1− pi.
In particular, we can choose ϕ = ϕ? in the above inequality. Combining with Proposition 5.5 through Markov
property, this leads to
lim inf
ε↘0
P
(
∀t ∈ [τε(v0), (1 + τε(v0)) ∧ Ξε], V εt ≥
(
(1− ψ)c(t− τε(v0))+
) 1
1−ψ
, gεt > 0
)
≥ (1− pi)
(
1− 4 exp(−v0
2
))
,
and so (1 + tε) ∧ Ξε with 1 ∧ Ξε)
lim inf
ε↘0
P
(
∀t ∈ [tε, 1 ∧ Ξε], V εt ≥
(
(1− ψ)c(t− tε)+
) 1
1−ψ
, gεt > 0
)
≥ (1− pi)
(
1− 4 exp(−v0
2
))
,
where c := c(A) and where, as before, Ξε = inf
{
t ≥ 0 : V εt ≥ 1
}
. Since c is independent of v0 and pi is
arbitrary, we conclude that
lim inf
ε↘0
P
(
∀t ∈ [tε, 1 ∧ Ξε], V εt ≥
(
(1− ψ)c(t− tε)+
) 1
1−ψ
, gεt > 0
)
= 1.
Reapplying Lemma 5.1, we see that there are infinitesimal chances (as ε↘ 0) for the potential to pass below
1/2 after Ξε. This suffices to say that
lim inf
ε↘0
P
(
∀t ∈ [tε, 1], V εt ≥ min
[
1
2 ,
(
(1− ψ)c(t− tε)+
) 1
1−ψ
]
, gεt > 0
)
= 1.
The conclusion easily follows.
6. Following steepest lines
The conclusion of the previous section is that the particle must escape from the origin and that it does
so by staying inside the region {g > 0}. Meanwhile, it does not say anything regarding the typical sites of
the region {g > 0} that the particle visits. This is the question that we address in this section. To make it
precise, we focus here on the typical directions that the particle follows. Throughout, we assume that both
Assumptions A and B are in force.
6.1. Distance to the boundary
We recall the useful notation
(
gεt = g(X
ε
t )
)
t≥0. Similarly, we let(∇gεt := ∇g(Xεt ),∆gεt := ∆g(Xεt ))t≥0.
Since g is C1,1 on any compact subset not containing 0 and since the process Xε does not come back to 0
with probability 1, Itoˆ’s formula yields
dgεt =
(
∇gεt · ∇V εt +
ε2
2
∆gεt
)
dt+ ε∇gεt · dBt, t > 0.
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Recalling the definition γε = inf
{
t ≥ 0 : gεt = 0
}
, we know that, for t ∈ (0, γε),
∇V εt =
(
Rεt
)1+α∇gεt + (1 + α)(Rεt)αgεt XεtRεt = (Rεt)1+α∇gεt + (1 + α)(Rεt)αgεt θεt , (6.1)
where we let
θεt :=
Xεt
Rεt
1{Rεt>0}, t ≥ 0. (6.2)
We end up with
Lemma 6.1. For any t ∈ (0, γε),
dgεt =
[(
Rεt
)1+α∣∣∇gεt ∣∣2 + (1 + α)(Rεt)αgεt (∇gεt · θεt )+ ε22 ∆gεt ]dt+ ε∇gεt · dBt. (6.3)
Obviously, Lemma 6.1 extends to any random initial time (given in the form of a stopping time) provided
that γε is defined accordingly. The next lemma identifies the behavior of the drift in the above decomposition
when the particle is inside the region {g > 0} but close to the boundary.
Lemma 6.2. Given v0 > 0 and a > 0, we can find a constant C := C(A,B) > 1 such that, for a ≤ a?(A,B)
and v0 ≥ v?(A,B), and for any ε > 0 and t > 0 such that
V εt ≥ 12ε2v0, and gεt ≤ a,
it holds that
1
C
V εt
gεt
∣∣∇gεt ∣∣2 ≤ (Rεt)1+α∣∣∇gεt ∣∣2 + (1 + α)(Rεt)αgεt (∇gεt · θεt )+ ε22 ∆gεt ≤ CV εtgεt ∣∣∇gεt ∣∣2.
Notice that the term in the middle in the above inequality exactly matches the drift in the decomposition
(6.3).
Proof. We recall the following two bounds from (A4):
c0L(x)
p+1|x|1+α ≤ V (x) ≤ C0L(x)p+1|x|1+α, c0L(x)p|x|α ≤
∣∣∇V (x)∣∣ ≤ C0L(x)p|x|α,
for x 6= 0 such that g(x) ∈ (0, a0). Obviously, the first equation says that
c0L(x)
p+1 ≤ g(x) ≤ C0L(x)p+1, (6.4)
and, inserting the corresponding form of (6.1), the second one yields(
c0L(x)
p − C0(1 + α)L(x)p+1
)
|x|α ≤ ∣∣∇g(x)∣∣|x|1+α ≤ (C0L(x)p + C0(1 + α)L(x)p+1)|x|α,
for x such that g(x) ∈ (0, a0). By downsizing the value of a0, we can render L(x) as small as needed.
Modifying c0 and C0 accordingly, we obtain
c0L(x)
p|x|α ≤ ∣∣∇g(x)∣∣|x|1+α ≤ C0L(x)p|x|α,
for g(x) ∈ (0, a0). Using (6.4) again, we get, for a constant C = C(A,B) ≥ 1,
1
C
1
|x|g
p
p+1 (x) ≤ ∣∣∇g(x)∣∣ ≤ C 1|x|g pp+1 (x), (6.5)
for g(x) ∈ (0, a0), and then, allowing the constant C to increase from line to line,
1
C
1
|x|2 g
2p
p+1 (x) ≤ ∣∣∇g(x)∣∣2 ≤ C 1|x|2 g 2pp+1 (x). (6.6)
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Recalling that V (x) = g(x)|x|1+α, we deduce
1
C
V (x)
|x|2 g
p−1
p+1 (x) ≤ ∣∣∇g(x)∣∣2|x|1+α ≤ CV (x)|x|2 g p−1p+1 (x),
from which we get, by choosing a accordingly in the statement,
1
C
V εt
(Rεt )
2
(
gεt
)p−1
p+1 ≤ (Rεt)1+α∣∣∇gεt ∣∣2 ≤ C V εt(Rεt )2 (gεt )
p−1
p+1 , for t > 0 : gεt ≤ a. (6.7)
Also, by (6.5), we obtain
(
Rεt
)α
gεt
∣∣∇gεt · θεt ∣∣ ≤ (Rεt)αgεt ∣∣∇gεt ∣∣ ≤ C V εt(Rεt )2 (gεt )
p
p+1 ≤ C(gεt ) 1p+1 (Rεt)1+α∣∣∇gεt ∣∣2, (6.8)
for t > 0 such that gεt ≤ a. Lastly, by following (6.1) and using (6.5) again, we have∣∣∣∆V (x)− |x|1+α∆g(x)∣∣∣ ≤ C|x|α∣∣∇g(x)∣∣+ C|x|α−1g(x) ≤ C|x|α−1g(x) pp+1 ,
for g(x) ∈ (0, a0). By assumption (B1) and equation (6.4), we deduce that
|x|1+α∣∣∆g(x)∣∣ ≤ C|x|α−1(g(x)p−1p+1 + g(x) pp+1) ≤ C|x|α−1g(x)p−1p+1 ,
and then, for t > 0 such that V εt ≥ 12ε2v0 and gεt ≤ a,
ε2
∣∣∆gεt ∣∣ ≤ C ε2(Rεt )2 (gεt )
p−1
p+1 = C
ε2
V εt
V εt
(Rεt )
2
(
gεt
)p−1
p+1 ≤ C
v0
V εt
(Rεt )
2
(
gεt
)p−1
p+1 .
By (6.7), we deduce that
ε2
∣∣∆gεt ∣∣ ≤ Cv0 (Rεt)1+α∣∣∇gεt ∣∣2. (6.9)
We complete the proof by collecting (6.8) and (6.9), by choosing v0 large enough and a small enough and
by using the fact that (V εt /g
ε
t )|∇gεt |2 = (Rεt )1+α|∇gεt |2.
The next step is to prove that the probability that the process (gεt )t≥0 reaches a given threshold in
infinitesimal time converges to 1 as ε to 0.
Proposition 6.3. Consider a tight collection of initial conditions (Xε0)ε>0 (in the sense that the collection
of the laws of these random variables is tight) such that, for some v0 > 0, for all ε > 0, V
ε
0 ≥ v0ε2 and
gε0 > 0. Assume also that, for any A > 0,
lim
ε↘0
P
(
V ε0 ≥ A(Rε0)2
)
= 1. (6.10)
Then, for any pi > 0, we can find two positive thresholds a? := a?(A,B) > 0 and v? := v?(A,B, pi) > 0 and
a sequence of infinitesimal times (tε)ε>0, only depending on the parameters in assumptions A and B, such
that, for a ≤ a? and v0 ≥ v?,
lim inf
ε↘0
P
(∃t ∈ [0, tε] : gεt ≥ a) ≥ 1− pi.
Proof. First step. Let
Γε := inf
{
t ≥ 0 : V εt ≤ 12V ε0
} ∧ inf{t ≥ 0 : gεt ≥ a}.
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Recall also from the proof of Lemma 5.1 that there exists a constant c := c(A,B) > 0 such that, for
v0 ≥ v?(A,B) and a ≤ a?(A,B), and for 0 < t < Γε ∧ γε,
dV εt ≥ 78 |∇V εt |2dt+ ε∇V εt · dBt ≥ c
(
gεt
)− 1p+1V εt |∇V εt |Rεt dt+ 12 |∇V εt |2dt+ ε∇V εt · dBt, (6.11)
where we used (A4) and (6.4) to pass from the first to the second line.
We rewrite (6.11) in the form:
V εt ≥ 12V ε0 + c
∫ t
0
(
gεs
)− 1p+1 |∇V εs |
Rεs
V εs ds+ Vεt ,
with
Vεt := 12V ε0 + 12
∫ t
0
|∇V εs |2ds+ ε
∫ t
0
∇V εs · dBs.
Following the proof of Lemma 5.1, we recall that
P
(
∀t ≥ 0, Vεt ≥ 0
)
≥ 1− E
[
exp
(
− V
ε
0
2ε2
)]
≥ 1− exp(−v0
2
)
.
So, with probability greater than 1− exp(−v0/2), we have
V εt ≥ 12V ε0 + c
∫ t
0
(
gεs
)− 1p+1 |∇V εs |
Rεs
V εs ds,
which, by a standard variant of Gronwall’s lemma, yields
V εt ≥ 12V ε0 exp
(
c
∫ t
0
(
gεs
)− 1p+1 |∇V εs |
Rεs
ds
)
, t ∈ [0,Γε ∧ γε].
Notice from (A4) and (6.4) and from the fact that the potential (and hence the radius) is lower bounded
up until Γε together with the fact that p ≥ 1 that the integrand in the above integral is well-integrable.
Second step. Recall the expansion of d
(
Rεt
)2
from (2.12) and deduce that, for two large enough positive
constants k := k(A,B) and c′ := c′(A,B) > 0, we can find a constant C := C(A,B) ≥ 0 such that
d
(
exp(−c′t)[(Rεt)2 + kε2])
≤ 2 exp(−c′t)Xεt · ∇V εt dt− 12c′ exp(−c′t)
[(
Rεt
)2
+ kε2
]
dt+ 2ε exp(−c′t)Xεt · dBt
≤ C exp(−c′t)(Rεt)2 |∇V εt |Rεt dt− 12c′ exp(−c′t)[(Rεt)2 + kε2]dt+ 2ε exp(−c′t)Xεt · dBt,
which we rewrite in the form
exp(−c′t)[(Rεt)2 + kε2] ≤ 2[(Rε0)2 + kε2]+ ∫ t
0
C exp(−c′s)[(Rεs)2 + kε2] |∇V εs |Rεs ds+Rεt ,
where
Rεt = −
[(
Rε0
)2
+ kε2
]− 12c′ ∫ t
0
exp(−c′s)[(Rεs)2 + kε2]ds+ 2ε∫ t
0
exp(−c′s)Xεs · dBs.
As before, we can modify c′ so that
P
(
∃t ≥ 0, Rεt ≥ 0
)
≤ E
[
exp
(
− (R
ε
0)
2
ε2
− k
)]
≤ exp(−k).
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On the complementary of the event in the above left-hand side,
exp(−c′t)[(Rεt)2 + kε2] ≤ 2[(Rε0)2 + kε2]+ ∫ t
0
C exp(−c′s)[(Rεs)2 + kε2] |∇V εs |Rεs ds
≤ 2[(Rε0)2 + kε2] exp(C ∫ t
0
|∇V εs |
Rεs
ds
)
, t ∈ [0,Γε ∧ γε].
We deduce that, for any pi > 0, for k ≥ k?(A,B, pi), the above is true with probability greater than 1− pi.
Third step. As long as t ≤ Γε, gε remains less than a. Therefore, the conclusion of the first step is that,
for a ≤ a?(A,B) and v0 ≥ v?(A,B),
V εt ≥ 12V ε0 exp
(
ca
− 1p+1
∫ t
0
|∇V εs |
Rεs
ds
)
, t ∈ [0,Γε ∧ γε],
with probability greater than 1−exp(−v0/2), whilst the conclusion of the second step is that, for any pi > 0,
we can choose k := k(A,B, pi) and c′ := c′(A,B) such that the following holds true with probability greater
than 1− pi:
exp(−c′t)[(Rεt)2 + kε2] ≤ 2[(Rε0)2 + kε2] exp(C ∫ t
0
|∇V εs |
Rεs
ds
)
≤ 2[(Rε0)2 + kε2] exp(ca− 1p+1 ∫ t
0
|∇V εs |
Rεs
ds
)C
c a
1/(p+1)
, t ∈ [0,Γε ∧ γε],
and then, with probability greater than 1− pi − exp(−v0/2),
exp(−c′t)[(Rεt)2 + kε2] ≤ 2[(Rε0)2 + kε2](2V εtV ε0
)C
c a
1/(p+1)
, t ∈ [0,Γε ∧ γε].
Using the fact that, up until Γε ∧ γε, 2V ε remains above V ε0 , we deduce that, for any given q, pi > 0, we
can choose c′ := c′(A,B), k := k(A,B, pi), a ≤ a?(A,B, q) and v0 ≥ v?(A,B, pi) such that, with probability
greater than 1− pi, for t ∈ [0, (ln(2)/c′) ∧ Γε ∧ γε],
V εt ≥
1
2
V ε0
(
1
4
(Rεt )
2 + kε2
(Rε0)
2 + kε2
)q
,
and then, for any exponent q′ > 0,
V εt
(Rεt )
q′ ≥
(1
4
)1+q(
Rεt
)2q−q′ V ε0[
(Rε0)
2 + kε2
]q .
Now, recall that, for a new value of the constant c, Rεt ≥ c
(
V εt
) 1
1+α , from which we deduce (allowing the
value of the constant c to vary from line to line and to depend on q, namely c := c(A,B, q, q′))
V εt
(Rεt )
q′ ≥ c
(
V εt
) 2q−q′
1+α
V ε0[
(Rε0)
2 + kε2
]q , t ∈ [0, ln(2)c′ ∧ Γε ∧ γε],
with probability greater than 1 − pi, at least if 2q − q′ ≥ 0. Therefore, invoking (6.10) together with the
conclusion of Proposition 5.5 and assuming that 2q − q′ ≥ 1, we deduce that, for any pi > 0, for v0 ≥
v?(A,B, k, pi) and for ε small enough, with probability greater than 1− 2pi, for t ∈ [0, 1 ∧ (ln(2)/c′) ∧ Γε ∧
γε ∧ Ξε],
V εt
(Rεt )
q′ ≥ ctc(q,q
′)(V ε0 )1−q,
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for a constant c(q, q′) := c(A,B, pi, q, q′) > 0. And, then, for any η > 0, for any t ∈ [0, 1 ∧ (ln(2)/c′) ∧ Γε ∧
γε ∧ Ξε],∫ t
0
( V εs
(Rεs)
q′
)η
ds ≥ ct1+ηc(q,q′)(V ε0 )η(1−q) ≥ ct1+ηc(q,q′)(v0ε2)η(1−q).
Without any loss of generality, we can assume that q′ < 2 and then choose η > 1 such that q′η = 2. Since
t ≤ Ξε, we have (V εs )η ≤ V εs for s ∈ [0, t], with t as above. We deduce that, with probability greater than
1− 2pi, for any t ∈ [0, 1 ∧ (ln(2)/c′) ∧ Γε ∧ γε ∧ Ξε],∫ t
0
V εs
(Rεs)
2
ds ≥ ct1+
2c(q,q′)
q′
(
v0ε
2
) 2(1−q)
q′ .
By choosing q > 1, we can easily find a collection (tε)ε>0, converging to zero with ε, such that, for ε ≤ ε? :=
ε?(c, v?),∫ tε
0
V εs
(Rεs)
2
ds ≥ ε
1−q
q′ ,
on an event of the form {tε ≤ Γε ∧ γε ∧Ξε} ∩Aε, with P(Aε) ≥ 1− 2pi, and for the same range of values for
the various parameters as before. For instance, we can choose
tε = ε
q−1
q′+2c(q,q′) ,
for ε > 0.
Conclusion. Recall from the first lines in the previous step that, with probability greater than 1 −
exp(−v0/2),
V εt ≥ 12v0ε2 exp
(
ca
− 1p+1
∫ t
0
V εs
(Rεs)
2
ds
)
, t ∈ [0,Γε ∧ γε].
Hence, the previous step says that, on an event of the form {tε ≤ Γε ∧ γε ∧ Ξε} ∩ Aε, with P(Aε) ≥ 1− 3pi
(and for the same values of parameters as before),
V εtε ≥ 12v0ε2 exp
(
ca
− 1p+1 ε
1−q
q′
)
,
and so
V ε0 + Ctε + ε sup
t∈[0,tε]
|Bt| ≥ 12v0ε2 exp
(
ca
− 1p+1 ε
1−q
q′
)
.
As the right hand side tends to ∞ as ε tends to 0 and since the collection of the laws of the (V ε0 )ε>0’s is
tight, we obviously have
lim
ε↘0
P
(
V ε0 + Ctε + ε sup
t∈[0,tε]
|Bt| ≥ 12v0ε2 exp
(
ca
− 1p+1 ε
1−q
q′
))
= 0,
and then
lim sup
ε↘0
P
(
tε ≤ Γε ∧ γε ∧ Ξε
)
≤ 3pi. (6.12)
Observe now that Γε=ξε ∧ ζε, with ξε as in (5.1) and
ζε := inf
{
t ≥ 0 : gεt ≥ a
}
.
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By Lemma 5.1, we have, for v0 large enough,
lim sup
ε↘0
P
(
ξε ∨ Ξε ∨ γε ≤ tε
)
≤ exp(−v0
4
)
,
because limε↘0 P(Ξε ≤ tε) = 0, which shows from (6.12) that (for the same ranges of parameters as before)
lim inf
ε↘0
P
(
ζε ≤ tε
)
≥ 1− 4pi.
This completes the proof.
We now prove more. We prove that, in fact, once it has reached a given threshold a, the process gε remains
above a/2 with high probability provided that V ε itself is large enough on the scale of order ε2.
Lemma 6.4. Consider a collection of initial conditions (Xε0)ε>0 such that, for some a > 0 and v0 > 0, for
all ε > 0, V ε0 ≥ v0ε2 and gε0 ≥ a. Then, there exist a? := a?(A,B) > 0 and v? := v?(A,B) > 0 such that,
whenever a ≤ a? and v0 ≥ v?, it holds, for a constant c := c(A,B) ≥ 1,
P
(∀t ≥ 0, gεt ≥ a2) ≥ 1− exp(−v0c ).
Proof. By Lemma 5.1, we already know that, for ε > 0 and for v0 ≥ v? := v?(A,B) (the value of v? being
allowed to increase from line to line),
P
(
∀t ≥ 0, V εt ≥ 12V ε0
)
≥ 1− exp(−v0
2
)
.
So, up to a small event, we can work on the event {∀t ≥ 0, V εt ≥ ε2v0/2}, for a given v0 ≥ v?. We then call
%ε := inf{t > 0 : gεt ≤ a2}.
By Lemmas 6.1 and 6.2, we know that, for v0 ≥ v? and a ≤ a? := a?(A,B) and if %ε < ∞, there exist
two time instants s, t ∈ [0, %ε] (choose t = %ε and s as the last time before t when gεs = a; of course, s is not
a stopping time), such that
−a
2
≥ c
∫ t
s
V εr
gεr
∣∣∇gεr∣∣2dr + ε∫ t
s
∇gεr · dBr ≥
cv0
2a
ε2
∫ t
s
∣∣∇gεr∣∣2dr + ε ∫ t
s
∇gεr · dBr,
for a constant c := c(A,B) > 0. In particular, the following holds true on the event {%ε <∞}:
sup
t≥0
{
−cv0
2a
ε2
∫ t
0
∣∣∇gεr∣∣2dr − ε∫ t
0
∇gεr · dBr
}
≥ a
4
,
and then, multiplying by cv0/a,
sup
t≥0
{
−c
2v20
2a2
ε2
∫ t
0
∣∣∇gεr∣∣2dr − cv0a ε
∫ t
0
∇gεr · dBr
}
≥ cv0
4
.
Taking exponential in both sides in the above inequality and using Doob’s inequality for the Dole´ans-Dade
martingale of (−a−1cv0ε
∫ t
0
∇gεr · dBr)t≥0 (see for instance Lemma 5.1 for a similar use), we complete the
proof.
So, the conclusion of this subsection is pretty clear: From Proposition 6.3, the particle, whenever it starts
from a potential v0ε
2 with v0 large enough, reaches (with high probability) the level a in infinitesimal time.
Then, Lemma 6.4 says that, when restarting from this point, there is almost no chance that gε passes below
a/2.
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6.2. Deterministic approximation of the angle
Recall from (6.2) the definition of θε, which we call the angle of the particle. We claim:
Lemma 6.5. Consider a collection of non-zero initial conditions (Xε0)ε>0. Then, for any ε > 0, with
probability 1, the process (θεt )0≤t≤ρε0 , with ρ
ε
0 := inf{t ≥ 0 : Rεt = 0}, has the decomposition:
dθεt =
1
Rεt
[∇V εt − (∇V εt · θεt )θεt ]dt− d− 12 ( εRεt )2θεtdt+ εRεt [dBt − θεt (θεt · dBt)], t ≥ 0. (6.13)
The reader should not worry about the definition of the angle when the process Xε cancels. Indeed, with
probability 1, the latter does not visit 0.
Of course, θεt = X
ε
t /R
ε
t is an element of the sphere Sd−1. In this regard, the right-hand side in (6.13)
must be regarded as the infinitesimal description of an Itoˆ process with values on the sphere. Observe in
particular that the main term
1
Rεt
[∇V εt − (∇V εt · θεt )θεt ]
is the component of ∇V εt /Rεt in the tangent space to Sd−1 at θεt , which is precisely the term that appears
in (B2).
Proof of Lemma 6.5. Recall the expansion of d
(
Rεt
)2
from (2.12). Let now f(x) = x−1/2, for x > 0. Clearly,
f ′(x) = − 12x−3/2 and f ′′(x) = 34x−5/2. So, Itoˆ’s formula yields (for t ∈ [0,ρε0))
d(Rεt )
−1 = −(Rεt )−3
(∇V εt ·Xεt + d2ε2)dt+ 32ε2(Rεt )−3dt− ε(Rεt )−3Xεt · dBt
= −(Rεt )−3
(∇V εt ·Xεt + d− 32 ε2)dt− ε(Rεt )−3Xεt · dBt.
Hence,
d
(
θεt
)
= (Rεt )
−1[∇V εt − (∇V εt · θεt )θεt ]− d− 12 ( εRεt )2θεtdt+ εRεt [dBt − θεt (θεt · dBt)].
This completes the proof.
Returning to Lemma 6.5, we see from (B2) that, when gεt > 0, ∇V εt −
(∇V εt · θεt )θεt has the form
grad Θ
(
θεt
)(
Rεt
)α
+ ηε,′t
(
Rεt
)α
,
where grad Θ is Lipschitz continuous on Sd−1 and where, for δ? := δ?(A,B), there exists a constant C :=
C(A,B) > 0 such that |ηε,′t | ≤ CRεt , when Rεt ≤ δ?.
We then rewrite the dynamics of the angle in the form:
dθεt =
grad Θ
(
θεt
)
gεt
V εt(
Rεt
)2 dt+ ηε,′tgεt V
ε
t(
Rεt
)2 dt− d− 12 ( εRεt )2θεtdt+ εRεt [dBt − θεt (θεt · dBt)], (6.14)
as long as gε remains positive. This prompts us to let
Σεt :=
∫ t
0
1
gεs
V εs(
Rεs
)2 ds.
Our strategy is to compare the process (θεt )t≥0 with (φΣεt )t≥0, where (φt)t≥0 is the solution of the ODE
(2.6). To make it easier, we denote by (φut )t≥0 the solution to (2.6) starting from φ
u
0 = u ∈ Sd−1.
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6.2.1. Local comparison between θε and φ
Using the fact that grad Θ is Lipschitz continuous, we get
Proposition 6.6. Fix a positive real  > 0 together with an intensity ε > 0. For a stopping time τ with
values in [0, ], and for three reals a > 0, δ ∈ (0, 1) and v0 > 0, let
Σετ,t :=
∫ t
0
1{s≥τ}
V εs
gεs(R
ε
s)
2
ds =
∫ t
0
1{s≥τ}(Rεs)
α−1ds, t ∈ [0, ] ;
%ε(τ) := inf
{
t > τ : gεt ≤ a
}
, ρε(τ) := inf
{
t > τ : Rεt ≥ δ
}
.
i) We can find a positive threshold v? := v?(A,B) and a constant c := c(A,B, a) such that, for v0 ≥ v?,
the event
D0(τ) :=
{
∀t ∈ [τ, %ε(τ)], 12V ετ exp
(
c−1Σετ,t
) ≤ V εt ≤ 2V ετ exp(cΣετ,t)}
has conditional probability
P
(
D0(τ) | Fτ
)
≥ 1− 2 exp
(
− V
ε
τ
2ε2
)
,
on the event {V ετ ≥ v0ε2}.
ii) Let σε0(τ) := τ and then, for a given T > 0 and for all j ≥ 1, define the stopping time:
σεj (τ) := inf
{
t > σεj−1(τ) : Σ
ε
σεj−1,t
= T
} ∧ .
Then, there exist a threshold δ? := δ?(A,B) and a constant C := C(A,B, a, T ), such that, for δ ≤ δ? and
v0 ≥ v? and for any j ≥ 0, the complementary of the event4
D1j (τ) :=
{
sup
σεj (τ)≤t≤σεj+1(τ)∧%ε(τ)∧ρ(τ)
∣∣∣∣θεt − φθεσεj (τ)Σεσε
j
(τ),t
∣∣∣∣ ≤ C(δ + ε2V ετ
)}
,
when intersected with D0(τ), has conditional probability
P
(
D0(τ) ∩D1j (τ){ | Fτ
)
≤ C
δ4
( ε2
(j + 1)V ετ
)2
.
iii) Similarly, for δ ≤ δ? and v0 ≥ v?, for j ≥ 0, the complementary of the event
D2j (τ) :=
{
∀t ∈ [σεj (τ), σεj+1(τ)], Σεσεj (τ),t∧%ε(τ)∧ρε(τ)
≥ C−1
(
1 +
ε2
V ετ
)−1(
ln
[
(2V εσεj (τ)
)
1−α
1+α + C−1
(
t ∧ %(τ) ∧ ρε(τ)− σεj (τ)
)
+
]
− ln
[
(2V εσεj (τ)
)
1−α
1+α
])}
,
when intersected with D0(τ), has conditional probability
P
(
D0(τ) ∩D2j (τ){ | Fτ
)
≤ C
( ε2
(j + 1)V ετ
)2
,
on the event {V ετ ≥ v0ε2}, where C := C(A,B, a, T ).
Proof of Proposition 6.6.
First step. We prove i). We first let
ξε(τ) := inf
{
t ≥ τ : V εt ≤
V ετ
2
}
.
4In D1j (τ), the supremum is null if σ
ε
j (τ) ≥ %ε(τ) ∧ ρε(τ).
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For a given constant c > 0 and for v0 ≥ v?(A,B) (see for instance the proof of Lemma 5.1), for any
t ∈ [τ, %ε(τ) ∧ ξε(τ)],
d
(
V εt exp(−cΣετ,t)
) ≥ ( 78 |∇V εt |2 − c (V εt )2gεt (Rεt )2
)
exp(−cΣετ,t)dt+ ε exp(−cΣετ,t)∇V εt · dBt,
on the event {V ετ ≥ v0ε2}. By assumption (A3), we can choose c := c(A,B, a) such that, for t ∈ [τ, %ε(τ) ∧
ξε(τ)],(
7
8 |∇V εt |2 − c
(V εt )
2
gεt (R
ε
t )
2
)
exp(−cΣετ,t) ≥ 12 |∇V εt |2 exp
(−cΣετ,t).
It then remains to see that
P
(
∃t ≥ τ : 1
2
V ετ +
1
2
∫ t
τ
exp(−cΣετ,s)|∇V εs |2ds+ ε
∫ t
τ
exp(−cΣετ,s)∇V εs · dBs ≤ 0 | Fτ
)
≤ exp(− V ετ
2ε2
)
,
from which we get
P
({
∀t ∈ [τ, %ε(τ) ∧ ξε(τ)], V εt ≥ 12V ετ exp
(
cΣετ,t
)} | Fτ) ≥ 1− exp(− V ετ
2ε2
)
, (6.15)
on the event {V ετ ≥ v0ε2}. Clearly, we can remove the stopping time ξε appearing in the event in the
left-hand side.
As for the upper bound appearing in the definition of D0(τ), we must come back to the proof of Lemma
2.7, see in particular (2.12). Working on the event {V ετ ≥ v0ε2} and using (A2), we deduce that
ε2|∆V εt | ≤
2C0
v0
V εt
(
Rεt
)α−1
, t ∈ [τ, ξε(τ)]. (6.16)
Up until %ε(τ) ∧ ξε(τ), we also have from (A2) and (A3):
C−1V εt
(
Rεt
)α−1 ≤ C−1 (V εt )2(
Rεt
)2 ≤ |∇V εt |2 ≤ C(Rεt)2α ≤ CV εt (Rεt)α−1, (6.17)
for a constant C = C(A,B, a). For a new value of the constant c ≥ c?(A,B, a, v?) (pay attention that the
constant c that appears in the upper bound in the definition of D0(τ) may be chosen independently of the
constant that appears in the lower bound; in particular, it may be chosen as large as needed), we deduce
that, on the event {V ετ ≥ v0ε2}, for any t ∈ [τ, %ε(τ) ∧ ξε(τ)],
d
(
V εt exp(−cΣετ,t)
) ≤ − 12 |∇V εt |2 exp(−cΣετ,t)dt+ ε exp(−cΣετ,t)∇V εt · dBt.
Proceeding as for the lower bound, we see that
P
(
∃t ≥ τ : −V ετ −
1
2
∫ t
τ
exp(−cΣετ,s)|∇V εs |2ds+ ε
∫ t
τ
exp(−cΣετ,s)∇V εs · dBs ≥ 0 | Fτ
)
≤ exp(−V ετ
ε2
)
,
and, as above, we get the following upper bound
P
({
∀t ∈ [τ, %ε(τ) ∧ ξε(τ)], V εt ≤ 2V ετ exp
(
cΣετ,t
)} | Fτ) ≤ exp(−V ετ
ε2
)
,
on the event {V ετ ≥ v0ε2}. By combining with (6.15), we deduce that, on the event {V ετ ≥ v0ε2},
P
(
D0(τ) | Fτ
)
≥ 1− 2 exp
(
− V
ε
τ
2ε2
)
,
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which is the required inequality.
Moreover, observe (for the sequel) that, on the event D0(τ) ∩ {σεj (τ) < },
1
2V
ε
τ exp
(
c−1jT
) ≤ V εt ≤ 2V ετ exp(c(j + 1)T ), t ∈ [σεj (τ), σεj+1(τ) ∧ %ε(τ)). (6.18)
Of course, it must be stressed that the time interval on which the inequality holds true is empty if σεj (τ) >
%ε(τ).
Second step. We now prove ii). To simplify, we just write Σj,εt for Σ
ε
σεj (τ),t
and φj,εt for φ
θεσε
j
(τ)
t . Then,
letting
φˆj,εt := φ
j,ε
Σj,εt
, t ∈ [σεj (τ), ],
we have
φˆj,εt = θ
ε
σεj (τ)
+
∫ t
σεj (τ)
grad Θ
(
φˆj,εs
) V εs
gεs(R
ε
s)
2
ds,
for t ∈ [σεj (τ), ]. Then, by (6.14) and by the Lipschitz property of grad Θ, for t ∈ [σεj (τ), %ε(τ) ∧ ρε(τ)],∣∣θεt − φˆj,εt ∣∣ ≤ C ∫ t
σεj (τ)
∣∣θεs − φˆj,εs ∣∣ V εsgεs(Rεs)2 ds+ C
∫ t
σεj (τ)
ηε,′s
V εs
gεs(R
ε
s)
2
ds+ C
∫ t
σεj (τ)
ε2
V εs
V εs
gεs(R
ε
s)
2
ds
+ C
∣∣∣∣∫ t
σεj (τ)
ε√
V εs
√
V εs
(Rεs)
2
[
dBs − θεs
(
θεs · dBs
)]∣∣∣∣,
where C := C(A,B) is allowed to increase from line to line. So, for δ ≤ δ? as in (6.14), on the event D0(τ),
for t ∈ [σεj (τ), %ε(τ) ∧ ρε(τ)],∣∣θεt − φˆj,εt ∣∣ ≤ C ∫ t
σεj (τ)
∣∣θεs − φˆj,εs ∣∣ V εsgεs(Rεs)2 ds+ C(δ + ε
2
V ετ
) ∫ t
σεj (τ)
V εs
gεs(R
ε
s)
2
ds
+ C
∣∣∣∣∫ t
σεj (τ)
ε√
V εs
√
V εs
(Rεs)
2
[
dBs − θεs
(
θεs · dBs
)]∣∣∣∣.
Allowing the constant C to depend on T (that is C := C(A,B, T )), using Gronwall’s lemma and recalling
that Σj,εt ≤ T for t ∈ [σεj (τ), σεj+1(τ)], we get
sup
σεj (τ)≤t≤σεj+1(τ)∧%ε(τ)∧ρε(τ)
∣∣θεt − φˆj,εt ∣∣ ≤ C(δ + ε2V ετ )
+ C sup
σεj (τ)≤t≤σεj+1(τ)∧%ε(τ)∧ρε(τ)
∣∣∣∣∫ t
σεj (τ)
ε√
V εs
√
V εs
(Rεs)
2
[
dBs − θεs
(
θεs · dBs
)]∣∣∣∣.
Now, by Markov inequality and by Bu¨rkholder-Davis-Gundy inequality, we get, on the event {σεj (τ) < },
P
({
sup
σεj (τ)≤t≤σεj+1(τ)∧%ε(τ)∧ρε(τ)
∣∣∣∣∫ t
σεj (τ)
ε√
V εs
√
V εs
(Rεs)
2
[
dBs − θεs
(
θεs · dBs
)]∣∣∣∣ ≥ δ} ∩D0(τ) | Fτ)
≤ C
δ4
E
[(∫ σεj+1(τ)∧%ε(τ)∧ρε(τ)
σεj (τ)
1{V εs ≥V ετ exp(C−1j)}
ε2
V εs
V εs
(Rεs)
2
ds
)2
| Fτ
]
≤ C
δ4
( ε2
V ετ exp(C
−1j)
)2
E
[(∫ σεj+1(τ)∧%ε(τ)∧ρε(τ)
σεj (τ)
V εs
(Rεs)
2
ds
)2
| Fτ
]
≤ C
δ4
( ε2
V ετ exp(C
−1j)
)2
,
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where we used (6.18) in the second line and C := C(A,B, a, T ). Obviously, the bound remains true when
σεj (τ) =  because, in that case, the sup in the first line reduces to 0. The upper bound for P(D1j (τ){ ∩
D0(τ) | Fτ ) easily follows.
Third step. We now proceed in the same way to upper bound P(D2j (τ){ ∩D0(τ) | Fτ ).
We start with the following observation. Following (6.16) and (6.17), we can find a new constant C :=
C(A,B, a) such that, for t ∈ [τ, %ε(τ) ∧ ρε(τ) ∧ ξε(τ)],
dV εt ≤ |∇V εt |2dt+ C
ε2
V ετ
V εt
(
Rεt
)α−1
dt+ ε∇V εt · dBt ≤ C
(
1 +
ε2
V ετ
)(
V εt
) 2α
1+α dt− 12 |∇V εt |2dt+ ε∇V εt · dBt.
We then observe that the event
D3j (τ) :=
{
∃t ≥ σεj (τ) : ε
∫ t
σεj (τ)
∇V εs · dBs − 12
∫ t
σεj (τ)
∣∣∇V εs ∣∣2ds ≥ V εσεj (τ)
}
,
has conditional probability
P
(
D3j (τ) | Fσεj (τ)
) ≤ exp(−V εσεj (τ)
ε2
)
.
On D0(τ)∩{σεj (τ) < ∧%ε(τ) ∧ ρε(τ)}, V εσεj (τ) ≥ C
−1(j + 1)V ετ (see (6.18)), with C := C(A,B, a, T ). Then,
P
(
D3j (τ) ∩D0(τ) ∩ {σεj (τ) <  ∧ %ε(τ) ∧ ρε(τ)} |Fτ
)
≤ P
(
D3j (τ) ∩
{
V εσεj (τ)
≥ C−1(j + 1)V ετ
} | Fτ)
= E
[
P
(
D3j (τ) | Fσεj (τ)
)
1{V ε
σε
j
(τ)
≥C−1(j+1)V ετ } | Fτ
]
≤ exp
(
−C−1 (j + 1)V
ε
τ
ε2
)
≤ C
( ε2
(j + 1)V ετ
)2
.
(6.19)
On D3j (τ)
{ ∩D0(τ), we have
∀t ∈ [σεj (τ), σεj+1(τ) ∧ %ε(τ) ∧ ρε(τ) ∧ ξε(τ)], V εt ≤ 2V εσεj (τ) + C
(
1 +
ε2
V ετ
)∫ t
σεj (τ)
(
V εs
) 2α
1+α ds,
and then, by a standard comparison argument with the solution of the ODE y˙t = C(1 + ε
2/V ετ )y
2α/1+α
t ,
t ≥ τ , yτ > 2V εσεj (τ), we have
V εt ≤
[(
2V εσεj (τ)
) 1−α
1+α + C
1− α
1 + α
(
1 +
ε2
V ετ
)(
t− σεj (τ)
)] 1+α1−α
.
And then, for t ∈ [σεj (τ), σεj+1(τ) ∧ %ε(τ) ∧ ρε(τ) ∧ ξε(τ)],∫ t
σεj (τ)
V εs
(Rεs)
2
ds ≥ C−1
∫ t
σεj (τ)
(
V εs
)− 1−α1+α ds
≥ C−1
∫ t
σεj (τ)
[(
2V εσεj (τ)
) 1−α
1+α
+ C
1− α
1 + α
(
1 +
ε2
V ετ
)(
s− σεj (τ)
)]−1
ds
≥ C−1
(
1 +
ε2
V ετ
)−1(
ln
[(
2V εσεj (τ)
) 1−α
1+α
+ C−1
(
t− σεj (τ)
)]− ln[(2V εσεj (τ)) 1−α1+α ]
)
,
with C := C(A,B, a, T ). In fact, it is easily checked that %ε(τ) ∧ ρε(τ) ∧ ξε(τ) = %ε(τ) ∧ ρε(τ) on D0(τ).
Hence, on D3j (τ)
{ ∩ D0(τ), the above is true for any t ∈ [σεj (τ), σεj+1(τ) ∧ %ε(τ) ∧ ρε(τ)]. This says that
D3j (τ)
{ ∩D0(τ) is included in D2j (τ). In particular, D2j (τ){ ∩D0(τ) ⊂ D3j (τ) ∩D0(τ). In order to complete
the proof, it suffices to see that D2j (τ)
{ ⊂ {σεj (τ) <  ∧ %ε(τ) ∧ ρε(τ)} and then to use (6.19).
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6.2.2. Global comparison between θε and φ
We have the following corollary of Proposition 6.6:
Corollary 6.7. With the same assumptions and notations as in the statement of Proposition 6.6, there exists
a constant C := C(A,B, a, T ), such that, for any stopping time τ with values in [0, ] with P(V ετ ≥ v?ε2) > 0,
the following holds true on the event {V ετ ≥ v?ε2}:
P
(
D0(τ) ∩
(⋃
j≥0
D1j (τ)
{ ∪
⋃
j≥0
D2j (τ)
{
)
| Fτ
)
≤ Cε
4
δ4(V ετ )
2
.
In particular, if we let
D(τ) :=
(⋂
j≥0
D1j (τ)
)
∩
(⋂
j≥0
D2j (τ)
)
,
then, on the event {V ετ ≥ v?ε2},
P
(
D(τ) | Fτ
)
≥ 1− Cε
4
δ4(V ετ )
2
.
Proof. The first claim is obtained by summing over j in the upper bounds for P(D1j (τ){ ∩D0(τ) | Fτ ) and
P(D2j (τ){ ∩D0(τ) | Fτ ) in the statement of Proposition 6.6. By taking the complementary, we get
P
(
D0(τ){ ∪ D(τ) | Fτ
)
≥ 1− C
δ4ε4
(V ετ )
2.
We then use the lower bound for P(D0(τ) | Fτ ) in order to complete the proof.
6.3. Escaping from the well formed by a local minimum
In the previous subsection, we addressed the distance between the angle θε and the solution φ to the equation
(2.6). As we show below, this preliminary analysis turns out to be really useful when the particle starts from
the same set Ba as in (B3) and (B4). Recall indeed that Ba is attracted to S by the flow φ. In this subsection,
we provide some preliminary computations when the flow starts away from Ba, namely from a neighborhood
of the local minima L. Notice in this regard from assumption (B4) that the local minima of Θ (on the region
where it is positive) are located at bottoms of uniformly convex wells. Part of the proof of Theorem 2.6
below is to prove that the particle leaves such wells in infinitesimal time whenever it starts from the interior
of one of them.
To make it clear, we consider uw the minimizer of Θ on a given well Ww. Thanks to (B4), Ww may
be written in the form of a level set {u ∈ Sd−1 : Θ(u) ≤ aw, |u − uw| < ew} for some ew > 0 and
the intersection of the well with Ba is given by {u ∈ Sd−1 : Θ(u) = aw, |u − uw| < ew}, Ba containing
{u ∈ Sd−1 : |u − uw| = ew}. In other words, the particle leaves the well if Θ(θε) becomes greater than aw.
This prompts us to define, for any stopping time τ , the exit time
eεw(τ) := inf{t ≥ τ : θεt 6∈ Ww}.
Whenever θετ belongs to Ww, eεw(τ) is also equal to eεw(τ) = inf{t ≥ τ : Θ(θεt ) ≥ aw}.
Following the proof of Lemma 6.1, we have
Lemma 6.8. For a given stopping time τ , for any t ∈ [τ, eεw(τ)),
dΘ
(
θεt
)
=
((
Rεt
)α
grad Θ
(
θεt
) · ∇gεt + ε22 1(Rεt )2 Trace(Hess Θ(θεt ))
)
dt+ ε
1
Rεt
grad Θ
(
θεt
) · dBt, (6.20)
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Proof. The proof is a standard application of Itoˆ’s formula to Xε and the function Rd \ {0} 3 x 7→ Θ( x|x| ).
It is based upon the connection between Euclidean and spherical derivatives, see (2.4) for the first order
terms and (2.11) (replacing g by Θ and 1 + α by 0) together with (2.7) for the second order derivatives.
In addition, we make use of (6.1) and of the fact that the last term therein has a zero contribution since
grad Θ(θεt ) · θεt = 0. Alternatively, we can also apply Itoˆ’s formula on the sphere using θε as underlying
process, see (6.14), and Θ as function.
We deduce that
Lemma 6.9. There exist two positive thresholds a? := a?(A,B) and δ? := δ?(A,B) such that, for any
a ≤ a? and δ ≤ δ?, we can find constants c := c(A,B, a) and C := C(A,B, a) such that, for any stopping
time τ , the following holds true on the event D0(τ) ∩ {θετ ∈ Ww} and for t ∈ [τ, %ε(τ) ∧ ρε(τ) ∧ eεw(τ)):(
Θ(θεt )−Θ(uw)
) ≥ ∫ t
τ
c
2
V εs
gεs(R
ε
s)
2
[
Θ
(
θεs
)−Θ(uw)]ds+ c ε2
V ετ
(
1− exp(−CΣετ,t))− C ∫ t
τ
V εs ds
+ V ετ
∫ t
τ
c
(Rεs)
2
∣∣grad Θ(θεs)∣∣2ds+ ε∫ t
τ
1
Rεs
grad Θ(θεs) · dBs.
(6.21)
Proof. We address the two terms entering the absolutely continuous part in the expansion (6.20). We know
from (B2) that, for δ ≤ δ? := δ?(A,B) and C := C(A,B),(
Rεt
)α
grad Θ
(
θεt
) · ∇gεt ≥ (Rεt)α−1∣∣grad Θ(θεt )∣∣2 − C(Rεt)α∣∣grad Θ(θεt )∣∣
=
V εt
gεt (R
ε
t )
2
∣∣grad Θ(θεt )∣∣2 − C(Rεt)α∣∣grad Θ(θεt )∣∣,
with C := C(A,B). We now make use of the local strict convexity property of Θ stated in (B4). Obviously,
it permits to lower bound the Trace term in (6.20). It also permits to lower bound |grad Θ(θεt )|2 by c[Θ(θεt )−
Θ(uw)] for c := c(A,B), see (2.8). Hence, we have, for t ∈ [τ,ρε(τ) ∧ eεw(τ)),
dΘ(θεt ) ≥
[
c
2
V εt
gεt (R
ε
t )
2
(
Θ(θεt )−Θ(uw)
)
+
ε2
2
c
(Rεt )
2
− C(Rεt)α∣∣grad Θ(θεt )∣∣+ 12 V εtgεt (Rεt )2 ∣∣grad Θ(θεt )∣∣2
]
dt
+ ε
1
Rεt
grad Θ
(
θεt
) · dBt,
where c := c(A,B). We then notice that
C
(
Rεt
)α∣∣grad Θ(θεt )∣∣ = C V εtgεt (Rεt )2Rεt ∣∣grad Θ(θεt )∣∣
≤ 1
4
V εt
gεt (R
ε
t )
2
∣∣grad Θ(θεt )∣∣2 + C2V εtgεt = 14 V
ε
t
gεt (R
ε
t )
2
∣∣grad Θ(θεt )∣∣2 + C2(Rεt)1+α.
Using the fact Θ(θεt ) ≥ Θ(uw) for all t ∈ [τ, eεw(τ)), we get, on the event {θετ ∈ Ww},
Θ(θεt )−Θ(uw) ≥
∫ t
τ
c
2
V εs
gεs(R
ε
s)
2
[
Θ
(
θεs
)−Θ(uw)]ds+ ∫ t
τ
( c
2
ε2
(Rεs)
2
− C2(Rεs)1+α)ds
+
∫ t
τ
1
4
V εs
gεs(R
ε
s)
2
∣∣grad Θ(θεs)∣∣2ds+ ε∫ t
τ
1
Rεs
grad Θ
(
θεs
) · dBs.
If we work on D0(τ) (see the definition in Proposition 6.6) and if we require t to be less than %ε(τ), then we
have the following two lower bounds (for new values of c := c(A,B, a) and C := C(A,B, a) that may now
depend on a):∫ t
τ
V εs
gεs(R
ε
s)
2
∣∣grad Θ(θεs)∣∣2ds ≥ V ετ ∫ t
τ
c
(Rεs)
2
∣∣grad Θ(θεs)∣∣2ds,∫ t
τ
ε2
(Rεs)
2
ds ≥ cε
2
V ετ
∫ t
τ
V εs
gεs(R
ε
s)
2
exp
(−CΣετ,s)ds = cε2CV ετ
(
1− exp(−CΣετ,t)),
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where we used the fact that (d/dt)Σετ,t = V
ε
t /(g
ε
t (R
ε
t )
2).
We now focus on the second line in (6.21). Using the same notations as in the statement of Proposition
6.6, we obtain
Lemma 6.10. Consider a? := a?(A,B) as in Lemma 6.9 and the same two constants c := c(A,B, a)
and C := C(A,B, a) as therein, for a given a ≤ a?. Then, there exists a positive constant K(c, C) (only
depending on c and C) such that, for any stopping time τ ,
P
(
∀t ≥ τ, V ετ
∫ t
τ
c
(Rεs)
2
∣∣grad Θ(θεs)∣∣2ds+ε∫ t
τ
1
Rεs
grad Θ
(
θεs
)·dBs ≥ − c
2
ε2
V ετ
(
1−exp(−C)) ∣∣Fτ) ≥ K(c, C).
Proof. The proof is rather straightforward. It suffices to multiply both terms in the event appearing in the
left-hand side by cV ετ /ε
2 and then to apply Doob’s inequality to the resulting Dole´ans-Dade martingale, see
for instance Lemma 5.1 for a similar use.
Combining the last two lemmas, we finally deduce:
Proposition 6.11. There exist three positive thresholds a? := a?(A,B), δ? := δ?(A,B) and v? := v?(A,B)
such that, for any a ≤ a?, we can find constants c := c(A,B, a) and C := C(A,B, a) satisfying, for any
stopping time τ , any reals δ ≤ δ? and v0 ≥ v?, any integer j ≥ 1, and on the event {V ετ ≥ v0ε2},
P
(
D′j(τ) | Fτ
) ≥ 12K(c, C),
with
D′j(τ) :=
{
∀t ∈ [σε1(τ), σεj (τ) ∧ %ε(τ) ∧ ρε(τ) ∧ eεw(τ)),
Θ(θεt )−Θ(uw) ≥
( c
2
ε2
V ετ
(
1− exp(−C))− C ∫ t
τ
V εs ds
)
exp
( c
2
(
Στ,t − 1
))}
,
(6.22)
σεj (τ) being defined with T = 1 in Proposition 6.6.
Proof. The first step is to apply (6.21) for t ≥ σε1(τ). If the latter is strictly less than σεj (τ) (which is fact
impossible when j = 1 proving that D′1(τ) = Ω and that j can be taken greater than or equal to 2), it
is thus strictly less than . In particular Σετ,σε1(τ)
is then equal to 1. By (6.21), we get, on D0(τ) and for
t ∈ [σε1(τ), σεj (τ) ∧ %ε(τ) ∧ ρε(τ) ∧ eεw(τ)),(
Θ(θεt )−Θ(uw)
) ≥ ∫ t
σε1(τ)
c
2
V εs
gεs(R
ε
s)
2
[
Θ
(
θεs
)−Θ(uw)]ds+ c ε2
V ετ
(
1− exp(−C))− C ∫ t
τ
V εs ds
+ V ετ
∫ t
τ
c
(Rεs)
2
∣∣grad Θ(θεs)∣∣2ds+ ε∫ t
τ
1
Rεs
grad Θ(θεs) · dBs.
Intersecting with the event appearing in the statement of Lemma 6.10, we obtain for t ∈ [σε1(τ), σεj (τ) ∧
%ε(τ) ∧ ρε(τ) ∧ eεw(τ)),(
Θ(θεt )−Θ(uw)
) ≥ ∫ t
σε1(τ)
c
2
V εs
gεs(R
ε
s)
2
[
Θ
(
θεs
)−Θ(uw)]ds+ c
2
ε2
V ετ
(
1− exp(−C))− C ∫ t
τ
V εs ds.
By Gronwall’s lemma, we deduce that (notice that the lower bound below holds true even though the factor
in front of the exponential is negative)
Θ(θεt )−Θ(uw) ≥
( c
2
ε2
V ετ
(
1− exp(−C))− C ∫ t
τ
V εs ds
)
exp
( c
2
(
Σσε1(τ),t
))
=
( c
2
ε2
V ετ
(
1− exp(−C))− C ∫ t
τ
V εs ds
)
exp
( c
2
(
Στ,t − 1
))
.
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It remains to invoke Proposition 6.6 and Lemma 6.10 in order to lower bound the probability on which the
above holds true.
The meaning of Proposition 6.11 is pretty clear: If σεj (τ) ≤ %ε(τ) ∧ ρε(τ) ∧ eεw(τ), then we can choose
t = σεj (τ) in the above statement. Provided that σ
ε
j (τ) is infinitesimal (and is thus less than ), we get(
c
2
ε2
V ετ
(
1− exp(−C))− C ∫ σεj (τ)
τ
V εs ds
)
exp
( c
2
(j − 1)),
as lower bound for Θ
(
θεσεj (τ)
)−Θ(uw) on the event D′j(τ). The simple fact that σεj (τ) is infinitesimal allows
to get rid of the integral quite easily. Then, provided that j can be chosen large enough, we can make
the above lower bound greater than the required threshold aw, which implies that σ
ε
j (τ) is in fact greater
than eεw(τ). This means in particular that the particle leaves the well in infinitesimal time. We make this
argument clear in the next subsection.
6.4. End of the proof of Theorem 2.6
We now complete the proof of Theorem 2.6.
Proof of Theorem 2.6. The main idea is to divide the analysis in two mains cases according to the value of
the potential whenever the process gε hits for the last time a given threshold a > 0 (and then remains above
this threshold forever). It may happen that gε becomes of order 1 once for all quite quickly even though the
potential is pretty small or it may happen that the potential is already large (on a given scale) whenever
the process gε reaches the given threshold for the last time.
First step. We here introduce the tools that are needed for the proof. We fix some pi ∈ (0, 1) (standing
for the probability that the particle behaves differently from what we claimed in the statement of Theorem
2.6). We are also given some  ∈ (0, 1) and δ ∈ (0, δ?] with δ? being the minimum of the two δ?’s given in
the statements of Propositions 6.6 and 6.11, but the values of both  and δ are allowed to decrease in the
proof. Moreover, following the proof of Theorem 2.5 in Subsection 5.3, we can assume without any loss of
generality that gε0 > 0, V
ε
0 = v0ε
2, for some v0 > 0, and, for any A > 0,
lim
ε↘∞
P
(
V ε0 ≥ A(Rε0)2
)
= 1.
We know from Lemma 5.1 and Proposition 6.3 that there exist two thresholds a? := a?(A,B) > 0 and
v? := v?(A,B, pi) > 0 (the values of which may vary from line to line in the proof as long as they only
depend on the parameters specified in parentheses) and a sequence of infinitesimal times (tε)ε>0 such that,
for a ∈ (0, a?] and v0 ≥ v?,
lim inf
ε↘0
P
({
ζε ≤ tε
} ∩ {∀t ≥ 0, V εt ≥ v02 ε2}) ≥ 1− pi − exp(−v08 ), (6.23)
where ζε denotes the stopping time:
ζε := inf
{
t ≥ 0 : gεt ≥ 2a
}
.
By Lemma 6.4, by Markov’s property and by (6.23), we get, for a ∈ (0, a?], v0 ≥ v? and ε small enough,
P
({∀t ∈ [ζε, ], gεt ≥ a} ∩ {ζε ≤ tε} ∩ {∀t ≥ 0, V εt ≥ v02 ε2}) ≥ 1− 2pi − C exp(−v0c ),
where c := c(A,B) and C := C(A,B). Now, by Proposition 5.5, there exist ψ′ := ψ′(A,B) > 0 and a new
value of C := C(A,B) > 1, such that, for v0 ≥ v?(A,B, pi) and ε small enough,
P
(
∀t ∈ [0, ], C−1tψ′ ≤ V εt ≤ Ct+ ε1/2
)
≥ 1− pi,
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where, to get the upper bound in the above event, we used the fact that ∇V is bounded on the whole space.
Also, allowing the value of the constant C to increase from line to line, we have,
P
(
∀t ∈ [0, ], Rεt < δ
)
≥ P
(
∀t ∈ [0, ], Rε0 + ε|Bεt | < δ − C
)
≥ P
(
Rε0 <
1
2δ − 12C
)
+ P
(
∀t ∈ [0, ], ε|Bεt | < 12δ − 12C
)
− 1.
Choosing  < ?(A,B, δ) and then choosing ε small enough, the right-hand side can be made greater than
1− pi. Call now
Eε0 :=
{
ζε ≤ tε
}
∩
{
∀t ∈ [ζε, ], gεt ≥ a
} ∩ {∀t ∈ [0, ], max( 12v0ε2, C−1tψ′) ≤ V εt ≤ Ct+ ε1/2}
∩
{
∀t ∈ [0, ], Rεt < δ
}
,
so that, for v0 ≥ v?(A,B, pi) and  < ?(A,B, δ), and for ε small enough, P
(Eε0) ≥ 1− 5pi, and, on Eε0 ,
max
(
1
2v0ε
2, C−1(ζε)ψ
′) ≤ V εζε ≤ Cζε + ε1/2 ≤ Ctε + ε1/2,
the term t′ε := Ctε + ε
1/2 standing for a new infinitesimal term.
On the event Eε0 , we have, with the same notations as in the statement of Proposition 6.6, %ε(ζε) ≥ 
and V εζε is infinitesimal. We also have ρ
(τ) ≥  for any stopping time τ with values in [0, ].
We now study the behavior of the particle on each of the two events Eε0 ∩ {ζε > 0} and Eε0 ∩ {ζε = 0}
using therein similar ranges of values for the parameters a, δ,  and v0.
Second step. We first address the case ζε > 0. Using the same notation as in Proposition 6.6 and Corollary
6.7, we consider the event
Eε := Eε0 ∩D20(tε) ∩ D(ζε).
By Proposition 6.6 (see (i) and (iii) therein) and Corollary 6.7, it has probability greater than 1 − 6pi for
the same range of parameters as before except that v0 is now taken greater than v?(A,B, δ, pi).
Below, we make use of assumptions (B3-a), (B3-b) and (B3-c). For a given value of r > 0, we can
choose r′ := r′(r) as in (B3-b). For such an r′, we choose T ≥ T0 where T0 := T0(r′/2) is given by (B3-a)
but with r = r′/2 therein.
Work now on Eε and call r′′ a (small) positive real. Since ζε > 0, we have gεζε = a. Recalling from (B2)
that |Θ(θεζε)− gεζε | ≤ CRεζε ≤ Cδ (the value of C being allowed to increase from one inequality to another),
we can choose δ small enough (and so  and v0 accordingly as they depend on δ) such that
θεζε ∈ Θ−1
(
[a, 3a]
) ⊂ Ba,
the inclusion following from (B3-c). Then, (B3-a) says that
∀t ≥ σε1(ζε), dist
(
φ
θεζε
Σε
ζε,t∧
,S
)
≤ 12r′, (6.24)
provided that σε1(ζ
ε) <  (which we check later on) Also, since we are on D10(ζ
ε) and %ε(ζε) ∧ ρε(ζε) ≥ ,
we have∣∣∣θεσε1(ζε) − φθεζεΣεζε,σε1(ζε)
∣∣∣ ≤ C(δ + ε2
V εζε
)
≤ 2C
(
δ +
1
v0
)
, (6.25)
for C := C(A,B, a, T ). If we require the right-hand side to be less than r′′, namely δ ≤ δ?(A,B, a, r′′, T )
and v0 ≥ v?(A,B, a, δ, pi, r′′, T ), and then if we take r′′ < r′/2, we get, by combining (6.24) and (6.25),
dist
(
θεσε1(ζε),S
)
≤ r′,
imsart-generic ver. 2014/10/16 file: DelarueMaurelliv_Arxiv.tex date: September 20, 2019
F. Delarue and M. Maurelli/Zero noise limit for multidimensional SDEs 47
Hence, by (B3-b), θεσε1(ζε)
∈ Ba and, for all t ≥ σε1(ζε),
dist
(
φ
θεσε1(ζ
ε)
t ,S
)
≤ r.
Now, invoking the definition of D11(ζ
ε), we deduce that
sup
σε1(ζ
ε)≤t≤σε2(ζε)
dist
(
θεt ,S
) ≤ (r′′ + r).
Without any loss of generality, we can take r′′ ≤ r, in which case the above right-hand side is less than
2r. Observing that we obtained this conclusion by using the facts that we are on Eε, that θεζε ∈ Ba and
that σε1(ζ
ε) < , we deduce by induction that, for any j ≥ 0 such that σεj+1(ζε) < , θεσεj+1(ζε) ∈ Ba and
supσεj+1(ζε)≤t≤σεj+2(ζε) dist(θ
ε
t ,S) ≤ 2r. We deduce that, for all t ∈ [σε1(ζε) ∧ , ),
dist
(
θεt ,S
) ≤ 2r. (6.26)
(Notice that, on the event Eε, the path [ζε ∧ , ] 3 t 7→ Σεζε,t is continuous and increasing, and so σεj′(ζε)
is equal to  for some (random) t ≥ ζε.)
It remains to prove that σε1(ζ
ε) can be bounded by an infinitesimal (deterministic) time. To do so, we
notice that, since we work on Eε ⊂ Eε0 , we have (see the definition of Eε0 in the first step)
1
2v0ε
2 ≤ V εtε ≤ t′ε.
Moreover, we observe that, if σε1(ζ
ε) > tε, then
T ≥ Σεζε,σε1(ζε) ≥ Σ
ε
tε,σε1(ζ
ε).
On Eε ⊂ Eε0 , %ε(tε) ≥  and ρε(tε) ≥ . Also, σε1(ζε) ≤ σε1(tε). Since we work on D20(tε), we get
T ≥ C−1
(
1 +
ε2
V εtε
)−1
ln
[
1 + C−1(2V εtε)
− 1−α1+α
(
σε1(ζ
ε) ∧ − tε
)
+
]
≥ C−1
(
1 +
2
v0
)−1
ln
[
1 + C−1(2t′ε)
− 1−α1+α
(
σε1(ζ
ε) ∧ − tε
)
+
]
.
Without any loss of generality, we can assume that v0 ≥ 2, from which we obtain
2CT ≥ ln
[
1 + C−1(2t′ε)
− 1−α1+α
(
σε1(ζ
ε) ∧ − tε
)
+
]
,
and then
2C
(
2t′ε
) 1−α
1+α
(
exp
(
2CT
)− 1) ≥ σε1(ζε) ∧ − tε,
which shows that σε1(ζ
ε) is indeed less than some infinitesimal (deterministic) time t′′ε . Returning to (6.26),
this says that, on the event Eε ∩ {ζε > 0},
∀t ∈ [t′′ε , ], dist
(
θεt ,S
) ≤ 2r,
provided we choose in a sequential manner a = a(A,B), r′ = r′(A,B, r), T = T (r′), r′′ = r′′(A,B, a, r, r′, T ),
δ = δ(A,B, a, r′′, T ),  = (A,B, δ), v? = v?(A,B, a, δ, pi, r′′, T ) and ε small enough. This shows that
P
({
ζε > 0
} ∩ {∃t ∈ [t′′ε , ] : dist(θεt ,S) > 2r}) ≤ 6pi.
Third step. We now treat the case ζε = 0. Then, on Eε0 , the process gε never passes below a. So, even
though we work on Eε0 as in the previous step, we need to proceed differently in order to prove that the
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particle hits Ba. While we used assumption (B3) in the previous step, we use here assumption (B4). Once
the particle has been proved to reach Ba with high probability, it may be shown to converge to S by using
the same arguments as in the previous step. Hence, we only prove here that, with (asymptotically) high
probability, the particle hits Ba in infinitesimal time. This suffices for our purpose.
Throughout the proof, we use the same parameters a, δ, , ε, pi and v0 as before, but for possibly smaller
ranges of values, which is indeed licit provided that there is no conflict in the order that is used to fix one
parameter in terms of the others. Here, we do not make use of r and we use another value of T , which is
indeed possible since T is a free parameter.
The idea of the proof is as follows. If ζε = 0 and θε0 ∈ Ba, the proof is over. If ζε = 0 and θε0 6∈ Ba, we
deduce from (B4) that θε0 belongs to the well formed by a local minimum of the function Θ on the sphere.
Then, in order to complete the proof, it suffices to prove that, conditional on the fact that θε0 belongs to a
well, θε exits the well in infinitesimal time with high probability on Eε0 . Since we assumed the number of
wells to be finite, this obviously implies that θε reaches Ba in infinitesimal time with high probability on the
event Eε0 ∩ {ζε = 0}.
Following Subsection 6.3, we consider uw the minimizer of Θ on a given well Ww. We know that Ww
may be written in the form of a level set {u ∈ Sd−1 : Θ(u) ≤ aw, |u − uw| < ew} for some aw, ew > 0 and
the intersection of the well with Ba is in the form {u ∈ Sd−1 : Θ(u) = aw, |u − uw| < ew}, Ba containing
{u ∈ Sd−1 : |u−uw| = ew}. In other words, it suffices to show, for our purposes, that Θ(θε) becomes greater
than aw in infinitesimal time. As we already alluded to, this turns out to be a consequence of Proposition
6.11.
In order to proceed, we use the same two constants c and C as in the statement of Proposition 6.11. We
recall that c and C depend on a and that Proposition 6.11 is valid if a ≤ a?, δ ≤ δ? and v0 ≥ v?, for a?, δ?
and v? as therein. For such a v0, we call J (v0) the smallest integer j ≥ 1 such that
c
8v0
(
1− exp(−C)) exp( c
2
(
j − 1)) ≥ aw. (6.27)
Inductively, we define the following two sequences of integers (jn)n≥0 and (Jn)n≥0:
j0 = 0, j1 = J (v0), jn+1 = J
(
v0 exp
(
C(j1 + · · ·+ jn)
)
, n ≥ 1;
J0 = 0, Jn = j1 + · · ·+ jn, n ≥ 1.
Observe in particular that jn+1 = J (v0 exp(CJn)). Accordingly, we consider the events (D′jn+1(σεJn(0)))n≥0,
see Proposition 6.6 for the definition of σεj (0) (with T = 1 therein) and (6.22) for the definition of D
′
j(τ).
Noticing that σεJn+1(0) = σ
ε
jn+1−jn(σ
ε
Jn
(0)), we deduce that each D′jn+1(σ
ε
Jn
(0)) belongs to FσεJn+1 (0). More-
over, by Proposition 6.11,
P
(
D′jn+1(σ
ε
Jn(0)) | FσεJn (0)
) ≥ 12K(c, C).
Therefore, by a straightforward induction,
P
( n⋂
`=0
[
D′j`+1(σ
ε
J`
(0))
]{)
≤ (1− 12K(c, C))n+1,
and then, for a given pi > 0, we can find n? := n?(A,B, a, pi) such that
P
( n?⋃
n=0
D′jn+1(σ
ε
Jn(0))
)
≥ 1− pi.
Choosing a ≤ a? := a?(A,B), δ ≤ δ? := δ?(A,B) and v0 ≥ v?(A,B, a, δ, pi) (which is compatible with the
previous step), we may assume without any loss of generality that
P
(
Eε0 ∩ D(0) ∩D0(0) ∩
( n?⋃
n=0
D′jn+1(σ
ε
Jn(0))
))
≥ 1− 7pi.
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Work now on the event appearing in the left-hand side, namely Eε0 ∩D(0) ∩D0(0) ∩ (
⋃n?
n=0D
′
jn+1
(σεJn(0))).
Since V ε0 = v0ε
2 is infinitesimal, we deduce by the same argument as in the second step that, on the above
event, σε1(0) is less than some (deterministic) infinitesimal time. Since we are on D
0(0), see the definition
in Proposition 6.6, we deduce that V εσε1(0)
is also infinitesimal and then, by induction (since Jn?+1 is a
deterministic integer), σεJn?+1(0) is also less than some infinitesimal t
′′′
ε . In particular (at least for ε small
enough), σεJn?+1(0) is less than ρ
ε(0) ∧ %ε(0) since the latter is greater than  on Eε0 . Moreover, again by
definition of D0(0) in Proposition 6.6, we have, for all n ∈ {0, · · · , n?},
1
2
ε2v0 exp
(
cJn
) ≤ V εσεJn (0) ≤ 2ε2v0 exp(CJn).
Take now an integer n ∈ {0, · · · , n?} and work on Eε0 ∩ D(0) ∩D0(0) ∩D′jn+1(σεJn(0)). For a new constant
C ′ := C ′(A,B), we get from (6.22) and (again) from the fact that σεJn+1(0) = σ
ε
jn+1−jn(σ
ε
Jn
(0)) that, for all
t ∈ [σεJn+1(0), σεJn+1(0) ∧ ew(σεJn(0))],
Θ(θεt )−Θ(uw) ≥
( c
2
ε2
V εσεJn (0)
(
1− exp(−C))− C ∫ t
σεJn (0)
V εs ds
)
exp
( c
2
(
ΣεσεJn (0),t
− 1))
≥
( c
4v0
(
1− exp(−C)) exp(−CJn)− Ct′′′ε ) exp( c2(ΣεσεJn (0),t − 1)),
where used the fact that, for a suitable choice of C ′, CV εs ≤ C ′, which follows from the bound s ≤ ρε(0);
we also made use of the upper bound V εσεJn (0)
≤ 2v0ε2 exp(CJn), which follows from the definition of D0(0).
Assuming that σεJn+1(0) ≤ ew(σεJn(0)), we may choose t = σεJn+1(0) in the above inequality (notice that, by
definition, σεJn+1(0) ≥ σεJn+1(0)). Observing that ΣεσεJn (0),σεJn+1 (0) = jn+1, we deduce that
Θ
(
θεσεJn+1 (0)
)−Θ(uw) ≥ ( c
4v0
(
1− exp(−C)) exp(−CJn)− Ct′′′ε ) exp( c2(jn+1 − 1)).
For ε small enough and by (6.27), we obtain
Θ
(
θεσεJn+1 (0)
)−Θ(uw) ≥ c
8v0
(
1− exp(−C)) exp(−CJn) exp( c
2
(
jn+1 − 1
))
=
c
8v0 exp(CJn)
(
1− exp(−C)) exp( c
2
(J (v0 exp(CJn))− 1)) ≥ aw,
which shows that ew(σ
ε
Jn
(0)) ≤ σεJn+1(0). So, in any case, we have ew(0) ≤ σεJn?+1(0) on the event Eε0 ∩
D(0) ∩ D0(0) ∩ (⋃n?n=0D′jn+1(σεJn(0))). This proves that the particle reaches Ba on the latter event. As a
result,
P
({
ζε = 0
} ∩ {∀t ∈ [0, t′′′ε ], θεt 6∈ Ba}) ≤ 7pi,
which completes the proof.
7. Numerical example
In this section, we provide a numerical example that illustrates our theoretical results. To make things
simpler, we focus on a two-dimensional example, of the same type as in Subsection 2.2, namely we take V
of the form V (x) = g(θ)|x|1+α, x ∈ R2, where g is a function on R/(2piZ) and θ is the angle in the polar
decomposition of x. We choose α = 0.5 and
g(θ) =
{
0 if θ ∈ (−pi,−pi2 ] ∪ [pi2 , pi].
2
1.5+(tan(θ))2 − 2 cos(θ)4 + cos(θ)2 if θ ∈
(−pi2 , pi2 ).
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Fig 1. Graph of g (on its positive part) and positiveness of the Laplacian at the boundary of {g > 0}. Ticks in abscissa represent
fractions of pi at which the function g and its Laplacian are computed.
The plot of g together with the plot of a numerical approximation of (1 + α)2g + g′′ (which is equal to the
Laplacian, up to a scaling factor, and which is computed by finite differences) are given in Figure 1 below.
Numerically, we find that g has two maxima, at -0.23pi and 0.23pi approximatively.
We then simulate (using a standard Euler scheme with step size h = ε/100) twelve paths of the process
for the following values of ε: ε = 0.01, ε = 0.005, ε = 0.002 and ε = 0.001. Paths are represented on Figure
2 below.
Fig 2. Simulations for different values of ε
On Figure 2, thick red paths correspond to the expected exit directions, based on our theoretical results.
Thin paths are the simulated ones. On each pane, the “small excursions” around the origin correspond to
paths that failed to exit. There are two of them in the case ε = .01 and one in all other cases. On the
bottom row, we hardly distinguish the simulated paths from the expected exit directions, which sounds as
a numerical evidence of the fact that the particle indeed follows the maxima of g.
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Appendix
Lemma 7.1. Under Assumption A, the boundary of {g = 0} has zero Lebesgue measure.
Proof. It suffices to prove that, for any open ball U such that U ∩ ∂{g > 0} is not empty, U ∩ ∂{g > 0} has
zero measure. Without any loss of generality, we may assume that the closure U of U does not contain zero
and that the radius of U is as small as needed.
Indeed, for such an U , (A4) says that, provided that the radius of U is small enough,
0 < 1p+1 infy∈U∩{g>0}
|∇V (y)|
V p/(p+1)(y)
= inf
y∈U∩{g>0}
∣∣∇(V 1p+1 )(y)∣∣
≤ sup
y∈U∩{g>0}
∣∣∇(V 1p+1 )(y)∣∣ = 1p+1 sup
y∈U∩{g>0}
|∇V (y)|
V p/(p+1)(y)
<∞.
(7.1)
Hence, we can find a unitary vector e such that infy∈U∩{g>0}∇(V
1
p+1 )(y) · e > 0. Therefore, for another
open ball U ′ ⊂ U , with the same center as U but with a strictly smaller radius, the fact that V is C1,1 on U
guarantees that, for any y ∈ U ′∩{g > 0} and for any λ > 0 small enough such that [y, y+λe] ⊂ U ∩{g > 0},
V
1
p+1
(
y + λe
)
= V
1
p+1 (y) + λ
∫ 1
0
s∇(V 1p+1 )(y + sλe) · e ds ≥ cλ, (7.2)
where c only depends on infz∈U∩{g>0}∇(V
1
p+1 )(z) · e. In particular, if we choose λ small enough such
that U ′ + λe ⊂ U , then we must have V 1/(p+1)(y + λe) ≥ cλ for any y ∈ U ′ ∩ {g > 0} (if not consider
λ? := inf{λ′ > 0 : g(y+ λ′e) = 0} and apply (7.2) to λ = λ?− , for  small enough, and get a contradiction
by letting  tend to zero). In particular, for another ball U ′′ ⊂ U ′, with the same center but with a strictly
smaller radius, for any x ∈ U ′′∩∂{g > 0}, it holds (by approximating x by a sequence (yn)n≥1 in U ′∩{g > 0}
such that yn → x) V 1/(p+1)(x + λe) ≥ cλ. Recalling from (7.1) that V 1/(p+1) is Lipschitz continuous on
U ∩ {g > 0} and assuming that U ′′ + λz ⊂ U ′ for any z ∈ R with |z| ≤ 1, we deduce that there exists
% ∈ (0, 1) such that, for the same values of λ as before, V 1/(p+1)(x + λe + λ%z) ≥ (c/2)λ, for any z ∈ Rd
with |z| ≤ 1. In particular, the ball B(x+ λe, λ%) (of center x+ λe and of radius λ%) is included in {g > 0}
and is thus disjoint from {g = 0}, which proves by standard arguments of porosity that U ′′ ∩ ∂{g = 0} has
zero measure, see [27]. For completeness, we provide a sketch of proof of the latter claim. If U ′′ ∩ ∂{g > 0}
has positive measure, then by Lebesgue differentiation theorem, we can find some x ∈ U ′′ ∩ ∂{g > 0} such
that
lim
λ↘0
1
|B(x, 2λ)|
∣∣B(x, 2λ) ∩ U ′′ ∩ ∂{g > 0}∣∣ = 1, (7.3)
where | · | is here used to denote the Lebesgue measure. Now, for λ small enough,∣∣B(x, 2λ) ∩ U ′′ ∩ ∂{g > 0}∣∣ ≤ ∣∣B(x, 2λ) \B(x+ λe, λ%)∣∣ = ∣∣B(x, 2λ)∣∣(1− 2−d%d),
which yields a contradiction with (7.3). Now that |U ′′ ∩ ∂{g > 0}| is known to be zero, it is easy to see that
the same must hold true for |U ∩ ∂{g > 0}|.
References
[1] S. Attanasio and F. Flandoli. Zero-noise solutions of linear transport equations without uniqueness: an example. C. R.
Math. Acad. Sci. Paris, 347(13-14):753–756, 2009.
[2] R. Bafico and P. Baldi. Small random perturbations of Peano phenomena. Stochastics, 6:279–292, 1982.
[3] R.F. Bass and Z.-Q. Chen. Stochastic differential equations for Dirichlet processes. Probab. Theory Related Fields,
121(3):422–446, 2001.
[4] R. Buckdahn, Y. Ouknine, and M. Quincampoix. On limiting values of stochastic differential equations with small noise
intensity tending to zero. Bull. Sci. Math., 133(3):229–237, 2009.
imsart-generic ver. 2014/10/16 file: DelarueMaurelliv_Arxiv.tex date: September 20, 2019
F. Delarue and M. Maurelli/Zero noise limit for multidimensional SDEs 52
[5] R. Catellier and M. Gubinelli. Averaging along irregular curves and regularisation of ODEs. Stochastic Process. Appl.,
126(8):2323–2366, 2016.
[6] M. Charpentier. Sur les points de Peano d’une e´quation diffe´rentielle du premier ordre. NUMDAM, 1931.
[7] M. Charpentier. On certain dynamical systems with points of Peano. Bull. Amer. Math. Soc., 38(12):849–854, 1932.
[8] A.M. Davie. Uniqueness of solutions of stochastic differential equations. Int. Math. Res. Not. IMRN, 24:Art. ID rnm124,
26 pp., 2007.
[9] F. Delarue and R. Diel. Rough paths and 1d SDE with a time dependent distributional drift: application to polymers.
Probab. Theory Related Fields, 165, 2016.
[10] F. Delarue and F. Flandoli. The transition point in the zero noise limit for a 1D Peano example. Discrete Contin. Dyn.
Syst., 34(10):4071–4083, 2014.
[11] F. Delarue, F. Flandoli, and D. Vincenzi. Noise prevents collapse of Vlasov-Poisson point charges. Comm. Pure Appl.
Math., 67(10):1700–1736, 2014.
[12] D.Stroock and S.R.S. Varadhan. Multidimensional Diffusion Processes. Springer Verlag, 2005.
[13] O. P. Ferreira, A. N. Iusem, and S. Z. Ne´meth. Concepts and techniques of optimization on the sphere. TOP, 22(3):1148–
1170, Oct 2014.
[14] F. Flandoli. Random Perturbation of PDEs and Fluid Dynamics: Ecole d’e´te´ de probabilite´s de Saint-Flour XL. Lecture
Notes in Mathematics. Springer Verlag, 2011.
[15] F. Flandoli, M. Gubinelli, and E. Priola. Well posedness of the transport equation by stochastic perturbation. Invent.
Math., 180:1–53, 2010.
[16] F. Flandoli, E. Issoglio, and F. Russo. Multidimensional stochastic differential equations with distributional drift. Trans.
Amer. Math. Soc., 369(3):1665–1688, 2017.
[17] F. Flandoli, F. Russo, and J. Wolf. Some SDEs with distributional drift. i. general calculus. Osaka J. Math., 40:493–542,
2003.
[18] F. Flandoli, F. Russo, and J. Wolf. Some SDEs with distributional drift. ii. lyons-zheng structure, itoˆ’s formula and
semimartingale characterization. Random Oper. Stochastic Equations, 2:145–184, 2004.
[19] M. Gradinaru, S. Herrmann, and B. Roynette. A singular large deviations phenomenon. Ann. Inst. H. Poincare´ Probab.
Statist., 37(5):555–580, 2001.
[20] B. Jourdain and J. Reygner. The small noise limit of order-based diffusion processes. Electron. J. Probab., 19:no. 29, 36,
2014.
[21] N. Kazamaki. Continuous Exponential Martingales and BMO, volume 1579 of Lecture Notes in Math. Springer, Berlin,
1994.
[22] N. V. Krylov and M. Ro¨ckner. Strong solutions of stochastic equations with singular time dependent drift. Probab. Theory
Related Fields, 131:154–196, 2005.
[23] G. Peano. De´monstration de l’inte´grabilite´ des e´quations diffe´rentielles ordinaires. Math. Ann., 37(2):182–228, 1890.
[24] A. Pilipenko and F.N. Proske. On a selection problem for small noise perturbation in the multidimensional case. Stoch.
Dyn., 18(6):1850045, 23, 2018.
[25] D. Trevisan. Zero noise limits using local times. Electron. Commun. Probab., 18:no. 31, 7, 2013.
[26] A. Y. Veretennikov. Strong solutions and explicit formulas for solutions of stochastic integral equations. Mat. Sb.,
111:434–452, 1980.
[27] L. Zaj´ıcˇek. Porosity and σ-porosity. Real Anal. Exchange, 13(2):314–350, 1987/88.
[28] A. K. Zvonkin. A transformation of the phase space of a diffusion process that will remove the drift. Mat. Sb., 93:129–149,
1974.
imsart-generic ver. 2014/10/16 file: DelarueMaurelliv_Arxiv.tex date: September 20, 2019
